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GEOMETRY OF THE ENDS OF THE MODULI SPACE OF 
ANTI-SELF-DUAL CONNECTIONS 

Paul M. N. Feehan 

1. Introduction 

Let Xq be a closed, oriented, four-manifold and let Mxo,p{go) be the moduli 
space of ^ro-anti-self-dual connections on a principal G bundle P over Xq. The subspace 

p(fi'o): obtained by excluding the reducible connections is then a hnite-dimensional, 
usually non-compact, manifold. The moduli space Mx^ pi^go) is naturally endowed 
with a metric g of Weil-Petersson type, called the L? metric, and our purpose in this article 
is to study the geometry of the moduli space ends. 

(a) Main results. It has been conjectured by D. Groisser and T. Parker in [G-P87], [G- 
P89] and by S. K. Donaldson in [D90a] that the moduli space of anti-self-dual connections, 
endowed with the metric, has hnite volume and diameter. The goal of this article is to 
prove this conjecture under the hypotheses described below. 

Theorem 1.1. Let Xq be a closed, connected, oriented, simply-connected, C°° four- 
manifold with generic metric go and let P be a principal G bundle over Xq such that 
either (1) G = SU( 2 ) or SO(3) and 6 "'“(Ao) = 0, or (2) G = SO(3) and W 2 {P) 7 ^ 0, where 
W 2 (P) is the second Stiefel-Whitney class of P. Then the moduli space p(fi'o) of 
irreducible gQ-anti-self-dual connections on P has finite volume and diameter with respect 
to the metric g defined by gQ. 

We plan to discuss the case of G = SU(2) and 6 "'“(Ao) > 0 in a subsequent article. 
Note that when G = SO(3) and W 2 {P) 7 ^ 0, the trivial (product) connection 0 does not 
appear in the Uhlenbeck compactihcation Mx,p{go)- By ‘diameter’ we mean the sum 
of the diameters of the connected components of p(fi'o); the hypotheses imply that 
^Xo p(fi'o) has hnitely many path components. In [D89] Donaldson conjectured that the 
L^-metric completion of the moduli space coincides with the Uhlenbeck compactihcation 
[D 86 ], [D-K]. We announce here the following result whose proof is included in [F94]. 

Theorem 1.2. Under the hypotheses of Theorem 1.1, the completion of p(fi'o) with 
respect to the metric g is homeomorphic to the Uhlenbeck compactihcation p(fi'o)- 

The requirement that Xq be simply-connected implies that the moduli space of hat 
connections consists of a single point representing the product connection over Xq. This 
assumption simplihes the description of the ends of the moduli spaces p{go)^ but is 
not important in the derivation of bounds for the components of g. We assume G = SU(2) 
or SO(3) in order to appeal to the generic metric theorems of Freed and Uhlenbeck which 
ensure that the moduli space is a manifold: otherwise, the bounds for g obtained in 
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Chapter 5 hold for any compact Lie group. For the sake of clarity, we assume G = SU(2) 
for the remainder of the article and denote Mxo,pi9o) by where C 2 {P) = k > 0 

is the second Chern class. 

(b) History. The properties of the metric have been investigated by many authors 
in recent years, but most extensively by Groisser and Parker. In particular, they have 
conducted detailed studies of its behaviour at the boundary of certain k = 1 moduli 
spaces. Explicit formulas for the components of g have been found by Doi, Matsumoto, 
and Matumoto [D-M-M], Groisser and Parker [G-P87], and Habermann [Hab] when k = 1 
and Xq is the four-sphere with its standard round metric gi. Groisser conducted a 
similar study when Xq is the complex projective space CP , equipped with the Fubini- 
Study metric g-ps [G90]. Their formulas imply that these k = 1 moduli spaces have 
hnite g-volume and g-diameter. More generally, Groisser and Parker have established 
Theorem 1.1 in the special case k = 1 [G-P89]. They also obtained bounds for g in 
neighbourhoods of the reducible connections, the ‘conical ends’, for any k > 1. In [G92], 
Groisser rehned some of the k = 1 results obtained in [G-P89]. It is worth recalling that 
the metric is not invariant with respect to conformal changes in the metric go on Xq- 

The approach of [G-P89] does not appear to readily generalise to the case k > 1, 
since their method relies on Donaldson’s collar map which gives a diffeomorphism from 
the ‘bubbling end’ of i{9o) to the collar Xq x (0, Aq). For this reason we adopt a quite 
different method which uses the gluing techniques of Taubes and Donaldson to construct a 
system of local coordinate charts covering the ‘ends’ of the moduli space. We then estimate 
the components of g with respect to these coordinates. In the case of the Weil-Petersson 
metric on Teichmiiller space, estimates of this type have been obtained by Masur [Mas]. 
In [F92], the author proved Theorem 1.1, when Xq = and k = 2, using the ADHM 
correspondence [D-K]. After the present work was submitted, a preprint was received from 
Peng giving estimates for the derivatives with respect to moduli parameters of the 
family of anti-self-dual connections A on the connected sum constructed in §7.2.2 

of [D-K], with = 0 [Pe]. His estimates are dehned with respect to a family of 
metrics gx which are conformally equivalent to ^tq and pinch the neck of the connected 
sum as A —)■ 0, away from the neck coinciding with go on Xo and converging in (7^ to the 
standard round metric on the unit sphere 

(c) Outline and strategy. It remains to summarise the methods used in the proofs 

of our main results. Let us hrst recall the dehnition of the metric. The tangent space 
TaM^^ i^{go) is identihed with the cohomology group H\ = ker . Given 

tangent vectors [a], [6], the metric g is dehned by 

(1-1) g[A](N, [^>]) = {7TAa,7TAb)L^Xo,go)^ 

where = 1 — dA{d*^^°dA)~^d*^^° is the orthogonal projection from L^D^(Afo, ad P) 
to the subspace kerd*^^°. Glearly, g([a], [6]) is bounded above by ||a||i;, 2 1|6||and so a 
reasonable strategy is to seek upper bounds for g over the moduli space ends. This will 
suffice for our present application. 
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(i) Moduli space ends and the bubble tree compactification. Our first task is to de¬ 
scribe useful models for the ends of the moduli space of anti-self-dual connections. Let 
(Ao,rri,.. .,Xmo) be a point in the stratum Mx^^kido) O (Afxo,fco(fi'o) x s^~^°{Xo)) of the 
Uhlenbeck compactification (see §4.1) which lies away from the diagonals of the symmetric 
product, so that mo = k — ko and each point Xi has multiplicity 1. Then every point 
[A] G Mxo,k{9o) which is close enough to (Aq, xi,..., 2 :^, 0 ) in the Uhlenbeck topology 
can be shown to he in a neighbourhood constructible by gluing or ‘gluing neighbourhood’ 
[D 86 ], [D-K]. Thus, suppose [Aa\ is a sequence in MxQ,ki9o) which converges weakly to 
{Ao,xi,... ,Xmo)- As described in §4.2, the sequence of connections [Aa] produces se¬ 
quences of local mass centres Xia converging to the points Xi and sequences of local scales 
Xict converging to zero. Using the scales A^q, one now dilates the metric go around the 
points Xict and produces a sequence of conformally equivalent, metrics on a con¬ 
nected sum X = As the scales Xia tend to zero, the corresponding neck is 

pinched and the connected-sum metrics ga converge in (7°° on compact subsets away from 
the neck regions to the metric ^tq on Xq and the standard round metric gi (of radius 1) on 
each copy of This ‘conformal blow-up’ procedure gives a sequence of ( 7 Q,-anti-self-dual 
connections [Aa\ which converges strongly (in the sense of [D-K]) to a limit (Aq, U, ..., Imo) 
over the join Xq S^, where the A are the standard one-instantons over Xi — with 
centre at the north pole n and scale 1. Here, strong convergence means (7°° convergence 
on compact sets away from the necks and such that C 2 (Ao) -|- C 2 {Ii) = k: there are 
no singular points and there is no curvature loss over the necks. One obtains an open 
neighbourhood in Mx^^ fco(fi'o) of the boundary point (Aq, xi,..., x^no) by gluing up the 
limit (Ao,/i,...,/r„J. 

On the other hand, if the set Zq = (xi,..., Xmo) bes in the diagonal of the symmet¬ 
ric product s^“^°(Afo), the limiting behaviour of the sequence [Aq] may be rather more 
complicated. Suppose [Aq,] is the corresponding sequence of (/a-anti-self-dual connections 
over X = produced by conformal blow-ups. The sequence Aq, converges in (7°° 

on compact subsets of Xq \ Zq to a ( 70 -ASD connection Aq over Afo, but in general only 
converges weakly to an Uhlenbeck limit (A^, Zi) over the four-spheres Xi = where 
Zi = {xii ,..., Xirrii) is contained in Xi \ {s} and s is the south pole. If the connection 
Aj, t > 0 , is not fiat, then the conformal blow-ups may be chosen so that it is centred in 
the sense of [T 88 ]: its mass centre lies at the north pole and it has scale (essentially its 
‘standard deviation’) equal to 1 (see §4.2). 

Unless all the singular sets Zi are empty, one can no longer produce an open subset 
of the moduli space Mxo,kigo) simply by gluing up the connections {Ai)^^: because of 
the nature of the convergence process, some of the required moduli parameters have been 
lost in the limit. 

Instead, the conformal blow-up process above must be iterated. The idea of iterating 
conformal blow-ups has been suggested by Sacks and Uhlenbeck in the context of harmonic 
maps of [S-Uj. Taubes described an iterative scheme of this type which is used to anal¬ 
yse the limiting behaviour of sequences of connections with uniformly bounded Yang-Mills 
functional and functional gradient tending to zero [T 88 ]. Parker and Wolfson described a 
bubble tree compactification for pseudoholomorphic maps of Riemann surfaces into sym- 
plectic manifolds and noted that their method should apply to the case of Yang-Mills 
connections over four-manifolds [P-Wj. 
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For the problem at hand, by repeatedly applying conformal blow-nps, we obtain a 
seqnence of (/a-anti-self-dnal connections Aa over a large connected snm X = 

Here, J is a set of mnlti-indices I obtained when the conformal blow-np process is iterated. 
Thns, J records the tree strnctnre and if / = 0, then Xj is the fonr-manifold Xq, while 
if / 7 ^ 0, then Xj is a copy of The constrnction of the ‘conformal blow-np maps’ fia 
ensnres that the blow-np process mnst be repeated at most k times in order to prodnce 
a seqnence of connections [Aa] which converge strongly to a limit (Hj)jgj over a join 
V/gjX/, where Aq is a ^rQ-anti-self-dnal connection over Xq and each Ai, for / 7 ^ 0 , is a 
^r^-anti-self-dnal connection over Xj = The seqnence of metrics converges in (7°° 
on compact snbsets away from the neck regions to the metric qq on Xq and the standard 
ronnd metric gi on each sphere Xj. This convergence scheme prodnces the ‘bnbble tree 
compactihcation’ MXf^^koido) ^md is described in §4.3. 

In particnlar, bnbble tree degeneration and glning are inverse to one another in a 
natnral way. One can now glne np the bnbble tree limits {Ai)i^j to form ^r-anti-self-dnal 
connections A over a connected snm X = nsing the techniqnes of [D-K] and 

constrnct open snbsets of the modnli space Mx,k{9) by small deformations of the limit 
data. The glning procednre gives a collection of conformal maps fj (from a small ball in a 
lower level snmmand Xi_ to the complement in the sphere Xj of a small ball aronnd the 
sonth pole) dehned in exactly the same way as the conformal blow-np maps /jq above. 
Here, is a metric on X which is conformally eqnivalent to the old metric g^ (via the 
maps fi) and depends on the choice of glning sites, frames in the principle SO(4) frame 
bnndle FXq^ scales, and the metric g^ on Xq: its constrnction and properties are discnssed 
in §3.5. Similar metrics over connected snms are described in [D 86 J and [T92]. Pnlling 
back via the blow-np maps then gives ^rQ-anti-self-dnal connections A over Xq and hence, 
prodnces open snbsets of the modnli space Mx^^Ago)- 

Generalising the argnments in [D 86 ] and [D-K] and employing the compactness resnlts 
of §4.3, one then shows that Mx^ kido) has a hnite cover consisting of glning neighbonr- 
hoods V. Of conrse, any precompact open snbset of Mxo,k{9o) is covered by hnitely 
many Knranishi charts and these comprise the ‘glning charts’ in this case. Moreover, the 
L^-metric geometry near the reducible connections, the conical ends, has already been 
analysed by Groisser and Parker [G-P89], so we may conhne our attention to the more 
troublesome bubbling ends. 

(ii) Upper bounds for the components of the Lf metric. We now outline a method of 
computing estimates for the metric g over the ends of the moduli space. In §§3.3 and 
3.4 we apply the techniques of [D 86 ] and [D-K] to hrst construct approximate gluing maps 
S' : T°/r —)■ B*x t —)■ [A'{f)]. Here, X is the connected sum Aieo^i with metric 
g conformally equivalent to gQ on Xq, and T^/P is a certain parameter space. If the g- 
self-dual curvature is sufficiently small one can then solve the ^r-anti-self-duality 

equation -|- a) = 0 , or equivalently 

(1.2) d+7a +(aAa)+’® --F+’®(H'), 

for a G {X, ad P). This gives a family of ^r-anti-self-dual connections A = A' + a 
and thus a gluing map 3 ■ T^/P —)■ MxAh): t [^(^)]- The solutions a to Eq. (1.2) 
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are expressed in the form a = where ^ G adP) and P is a right inverse to 

the operator d~^f (constrncted as in [D-K] by patching together right inverses P/ for the 
operators over the snmmands Xj. Therefore, Eq. (1.2) takes the shape 

(1.3) C + ^ 

Following [D-K], we assemble the framework reqnired for solving Eq. (1.3) in §5.1. 

Now the metric g depends on the choice of metric go, not jnst the conformal 
class [(/oj. So, nsing the conformal maps //, we pnll back the family of (/-anti-self-dnal 
connections A{t) = A'{t) + a{t) over X to an eqnivalent family of ^rQ-anti-self-dnal 

connections A{t) — A'(t) -1- d{t) over Xq- Hence, we obtain glning maps 3^ : T^/E —)■ 
M^o,A:(fi'o), t —)■ [A(t)] analogons to those constrncted by Tanbes. The properties of the 
glning maps 3 and 3 are discnssed in §5.2. 

The problem then is to estimate the differentials D3 and this task is comprised of 
two parts. The hrst part is to bonnd the derivatives dA'/dt: this local calcnlation is the 
snbject of §§3.7 to 3.9 and the main resnlts are snmmarised in §3.10. The more difhcnlt 
part is to bonnd the derivatives of the correction terms, ddjdt: this involves bonnding the 
derivatives of global operators snch as P and is described in §§5.3 to 5.5. The problem of 
expressing bonnds for derivatives of d{t) in terms of bonnds for derivatives of a{t) is the 
snbject of §3.5. Some care is reqnired here, since the conformal maps fj vary with the 
scale and centre parameters, as does the metric g in Eq. (1.3). The reqnired estimates for 
the derivatives da/dt are then compnted in §§5.3 to 5.5 in terms of bo un ds for dP/dt and 
d^/dt] the estimates for d^/dt are obtained implicitly from Eq. (1.3). For the special case 
of a neighbonrhood of a point {Ao,Ai) (with H\^ = 0), Lp' estimates for the derivatives 
dAjdt were later obtained independently by Peng nsing similar methods [Pej. 

It is the estimates for derivatives with respect to the scales A/ which reqnire the most 
care. For example, difhcnlties arise when bonnding the derivatives dA' jdXj becanse of the 
dependence on Aj of the conformal maps /j and the cnt-off fnnctions reqnired to patch 
the connections Ai together over the connected snm. These derivatives are ill-behaved 
as A/ —)■ 0 and the necks of the connected snm X are pinched. Problems also occnr 
when one attempts to bonnd da/dXj, since a = P^ and the constrnction of P involves 
cnt-off fnnctions with badly behaved derivatives with respect to A/ as A/ —)■ 0. The hnal 
estimates for the differentials D3 and the corresponding bonnds for the metric g are 
snmarised in §5.6. The constants appearing in the bonnds for g depend only on the glning 
neighbonrhood. Theorem 1.1 then follows immediately from these estimates. 
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2. Preliminaries 


In this Chapter we establish our notation and dehne the metric. Unless stated 
otherwise, we adhere to the standard conventions of [D-K], For further details concern¬ 
ing gauge theory, we refer to [D-K] or [F-U] and the references therein, while for details 
concerning the L? metric, we refer to [G-P87], [G-P89]. 

Let X be a closed, connected, oriented, (7°° four-manifold with Riemannian metric g 
and let P be a principal G bundle over X with Lie algebra g. As noted in the Introduction, 
we will generally conhne our attention in this article to the case G = SU(2) for the sake of 
clarity. We let 0^(P, g) denote the space of G°° g- valued /-forms, let adP = P XAd 0 be 
the adjoint bundle, and let 0^(W, adP) be the space of (7°° ad P-valued /-forms on X. Let 
Ap be the affine subspace in 0^(P, g) of (7°° connection 1-forms on P. For a connection A 
on P, we let Va be the corresponding covariant derivative, let cLa be the exterior covariant 
derivative, and let Fa € 0 ^(W, adP) denote the curvature. 

Let Qphe the group of (7°° bundle automorphisms or gauge transformations. Recall 
that the isotropy group Fa C of a connection A on P is isomorphic to the centraliser 
of the holonomy group of A in G and the centre Z of the bundle structure group G is 
isomorphic to the centre of ^p. Thus Va Z) Z and we let Ap be the dense open subset of 
connections A G Ap with Va = Z^ so that Ap is the space of irreducible connections on 
P when G = SU(2) or SO(3). 

The bundles A^T*X ® ad P have hbre metrics ( , ) induced by the Riemannian metric 
g on X and the inner product on the Lie algebra g given by —1 times the Gartan-Killing 
form: if ^ 1,^2 ^ 0 , then (^ 1 ,^ 2 ) = —In particular, we may dehne Sobolev spaces 
L^Q}{X^ adP) in the usual way and consider the action of the T^_i gauge transformations 
Q on the space of connections Ap (for n > 2) with quotient Bp = ApjQp, omitting 
the explicit Sobolev notation when no confusion can arise. 

The tangent space TaA}, is equal to (W, ad P) while the tangent space to the ^-orbit 
through A G Ap is imdA C adP). This induces an L^-orthogonal decomposition 

TaA*p = kerd\ © imdA, where kerd\ C 0^(W, adP). There is an associated horizontal 
projection operator tta ■ TaA*p —)■ ker c/^, with tta = l — dAG\d\^ where G\ is the Green’s 
operator for the Laplacian = d\dA- To identify the tangent space PjAjPp, introduce 
G°° paths A{t) in Ap and u{t) in Qp, 'u(O) = 1. If A“(/) = ut{At), then 


( 2 . 1 ) 


c/A“ 

dt 


Ad {u ^ 


dA , 

—— + c/a" 



Thus dA/dt{0) dehnes an element of D^(A, adP)/imc/A and therefore the tangent space 
T[A]Bp is given by 0^(A, adPj/imc/A — kerc/A- 

Let Mp{g) be the moduli space of ^r-anti-self-dual connections on the G bundle P over 
X, that is {[A] G Bp : P+’®(A) = 0}, and let Mp{g) be the dense open subset Mp{g) (iBp. 
If A{t) is a path in Ap satisfying P+’®(A(/)) = 0, then dA/dt{0) dehnes an element of 
ker d\/imd~^’^ . The ( 7 -anti-self-dual condition P+’®(A) = 0 is equivalent to d~^’^ o c/a = 0 
and so we have the elliptic deformation complex 

n"(VadP) S2‘(V,adP) ©4 S2+'»(V,adP) 


(2.2) 
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with associated cohomology groups where is the Lie algebra of L^, the group 
H\ = ker(i^’^/irnd^ is just the tangent space T[A]Mp{g), and = cokerBy 
Hodge theory there are natural isomorphisms ~ ker A^, H\ ~ ker fl ker dj!j’®, and 
H\ ~ ker A^’®, where the Laplacian A^’® is equal to d^’®(dj!j’®)*. 

If [H] is an irreducible point of Mp{g), then = 0, and an irreducible point [H] 
is regular if H\ = 0. The moduli space Mp{g) is regular if all its irreducible points are 
regular points, and in that case, Mp{g) is a (7°° manifold of dimension 

(2.3) dimMp(^) = 8 /c(P) - 3(1 - hi{X) + 6 +(A)), 

with tangent space Tyj^T^Mp{g) = H\ at the point [A\. 

According to the Freed-Uhlenbeck theorems, the anti-self-dual moduli spaces Mp{g) 
are smooth manifolds when g is generic. More precisely, if b'^{X) > 0, P is any SU(2) or 
SO(3) bundle P over X, and the metric on A is generic, then (1) Mp{g) contains no 
points [A] with H\ ^ 0; (2) If 6 "'“(A) > 0 and I > 0 then Mp{g) contains no points [A] 
with 7 ^ 0 for any bundle P with 0 < k{P) < /; (3) If 6 +(A) = 0 and P is non-trivial, 
then the cohomology groups are zero for all the reducible ^r-anti-self-dual connections 
A on P, and a neighbourhood of point [A] G Mp{g) with H\ 7 ^ 0 is homeomorphic to a 
cone over and diffeomorphic away from the cone point [A]. 

It remains to dehne the L? metric. The quotient space B*p inherits a (weak) Rie- 
mannian metric g by requiring that the projection map for the principal Qp/Z bundle 
A*p —)■ B*p be a Riemannian submersion: if [a], [ 6 ] are tangent vectors in then 

(2.4) g[A]([a], [^>]) = [ {nAa^TiAh) dVg, 

Jx 

and this restricts to give a Riemannian metric g on the moduli space Mp{g). 


3. Differentials of the approximate gluing maps 

Our purpose in this Chapter is to construct the approximate gluing maps : T/T -A- 
Bx k T/T -A Bx^ fc, and to estimate the differentials DS', and especially DS'- The 

construction of 3' uses the method employed by Donaldson in [D86], [D-K]. The induced 
maps 3' are essentially the approximate gluing maps described by Taubes in [T82], [T84a], 
[T88]. In the former case, we obtain an almost ^r-anti-self-dual co nn ection A' over a 
connected sum X = with metric g conformally equivalent to go on Aq, while in 

the latter case we obtain an almost ^rg-anti-self-dual connection A! over Aq with its hxed 
metric go- In Chapter 5, we obtain a system of coordinate charts 3 ■ T/T -A Mx^^ ^igo) 

covering the moduli space by perturbing the maps 3' using the techniques of [D-K] for 
solving the anti-self-dual equation. 
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3.1. Preliminary estimates for connections and curvature. We describe some 
pointwise estimates for local connection one-forms and cnrvatnre two-forms. We first 
consider estimates for connection one-forms in radial gange on a manifold X with 
metric g. Snppose P —)■ W is a principal G bnndle, A is a connection on P, and B is 
an open geodesic ball centred ai xq E X with radins p/2, where g is the injectivity radins 
of {X, g). Dehne a local section a : P —)■ P by parallel transport of a point in the hbre 
P\xo along radial geodesics throngh xq- If 7 is a radial geodesic in B with 7 ( 0 ) = xq and 
7 (t) = then a*A{xo) = 0 and A{'y{t)) = 0, t > 0. If 4)~^ : P —> is a geodesic 
normal coordinate system centred at xq and we dehne a geodesic 7 by 7 (t) = <^{tx), 
a: G P, t G [0,1], then 7 ^(t) = tx^, 7 = x, and iy^a*A = x^{a*A)^. We recall the following 
estimates for local connection one-forms in radial gange. 

Lemma 3.1. [U82, p. 14] Let A be a (7°° connection on a principal G bundle P —)■ W, 

where X is a G°° manifold with (7°° metric g, B is a geodesic ball of radius gj^ centred at 
Xq E X, a : B ^ P is a local section such that a* A is in radial gauge centred at xq, and 
(f)~^ : B -E R "" is a geodesic normal coordinate system centred at xq. If K = \\FA\\L°°{B,g)j 
then \(f)*a*A\g{x) < K\x\, |rr| < p/2. 

Let HIP^ be the right qnaternionic projective space, with the standard identihcations 
El ~ R^ and EIR^ ~ Coordinate patches for may then be dehned by Un = {[x^y] : 
y ^ 0} = S^\{s} and Ug = {[x,y] : x 0} = §^\{n} covering the north pole n = [0,1] and 
sonth pole s = [1, 0], respectively. We let (j)~^ : Un -E R^, [x, y] i-A xy~^ and ^ 

[x, y] i-A yx~^ denote the standard local coordinate charts. If pi is the standard ronnd 
metric of radins 1 on then 

(3-1) = hlix)5fn, = ^ XGR^, 

for a = n,s-, the standard hat metric on R^ is denoted by d. 

Let A be a (7°° connection on a principal G bnndle P —)■ §^, where has its standard 
metric pi. We dehne a system of local sections '■ ^ P, o: = n, s, by parallel transport 

of points in the hbres P|q, along radial geodesics throngh the north or sonth poles. The 
estimates below follow easily since A is smooth over with metric pi: 

Lemma 3.2. Let A be a G°° connection on a principal G bundle P -E where has 
metric pi and K = ||Pa||l°°(S4,c/i)- Then, for a, 13 G {n, s}, 


\rpFia:AMx)<4K 


1 

(1 + | X | 2)2 


f x G R^ if a = 13 

\ a: G R^ \ {0} if a yf (3. 


Lemma 3.3. Given the hypotheses of Lemma 3.2, if the local connection one-forms cr*A 
are in radial gauge, then |(/)*a* (x) < iC|a:|, for a; G R^ and a = n,s. 
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3.2. Connections over the fonr-sphere and conformal diffeomorphisms. Recall 
that the group of conformal diffeomorphisms of acts on the space Alp of (7°° connections 
on a G bundle P over The group D x T of dilations and translations of may be 
identified with a subgroup of the conformal group of Hence, in this section we discuss 
some aspects of the induced action of M"*" x on the space Alp. For related material we 
refer to [D83], [F-U], [G-P87], [G-P89], and [T88]. 

Let P be a G bundle with G°° connection A G over a G°° manifold X and 

suppose ift is a one-parameter group of diffeomorphisms of X generating a vector field 
^ G C°°{TX). Let i G C°°{TP) be the horizontal vector field covering ^ and let <ft be the 
one-parameter group of diffeomorphisms of P generated by Then (pt commutes with 
right G multiplication and covers ip. Fixing O G 0^(P, g), we obtain a G°° one-parameter 
family of G°° one-forms (p^fl on P with 


(3,2) 


dip*fl 


dt 


t=o 




where G g) denotes the Lie derivative of fl with respect to in particular, 

is a G°° one-parameter family of G°° connection one-forms on P. 

Lemma 3.4. Let P be a G bundle with connection A G G^(P, g) over a manifold X. 
Given a vector Geld ^ G G°°{TX), let f G G°°{TP) be its horizontal lift. If Fa ^ 
is the curvature of A, then L^A = l^Fa- 

Proof. Since f is horizontal, then = 0 and so for any vector field ry G TP, we have 
(T|H)(? 7 ) = (L^dA + dL^A){rj) = dA{ri,i). But Pa(7,1) = dA{ri,i) + I[A{ri), A{^)] and so 
the result follows. □ 

We also need to consider Lie derivatives of adP-valued one-forms. Recall that if 
TT : P —)■ W is the bundle projection, there is an injective map tt* : adP) M- 

G^(P, g). The one-forms fi in the image of tt* are characterised by the properties (a) 
P*G = Ad('u“^)G, for all u G G, and (b) 0(7) = 0 if ry G TP is vertical. Hence, the 
action of ipt on 0^(P, g) induces an action on adP) = F(T*W 0 adP). Thus, if 

u G 0^(W, adP), we obtain a G°° one-parameter family of G°° ad P-valued one-forms ip^u 
on X with 


(3.3) 


dipluj 


dt 


t=o 


= Lpoj, 


where E 0^(W, adP) denotes the Lie derivative of u) with respect to 

For the purposes of calculation, it is useful to phrase the preceding discussion in terms 
of local one-forms on W. It is convenient to choose a system of local sections Uq, : Pq —)■ P 
which are parallel with respect to the connection A and vector field in the sense that 
A{aa*C) = 0- Foi' example, one can try to construct ctq, by first choosing a section cTq,|v„, 
where Vq, is a submanifold of Ua transverse to the vector field and then extend by 
parallel translation along integral curves of ^ to construct a section Uq, over a tubular 
neighbourhood Ua of Va. Local sections of this type are described in [U82a, pp. 14-15] 
and [F-U, pp. 146-147]. 
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Given a system of (A, ^)-parallel local sections cTq,, we have ^ = cTq*^ and (pt = cr'^Pt 
over Ua- Hence, for oj G 0^(X, adP) we see that cr*(p*a; = and a'^L^u = L^a'^u on 

Uct, and similarly for A G 0^(P, g). Indeed, one can see that the transition fnnctions {ua^} 
are constant along the vector held For if ap = aaUap^ then = CFa*i'Ua (3 + cra''Uap*i-, 
which gives = Ad + A(aa ■ Ua/3*0: and thns dUajsiO = O 5 since 

A(aQ,*^) = A{aj 3 ^^) = 0 and A{aQ. ■ Uap^C) = Here, is the vector held on 

P\ua obtained by diherentiating the maps G ^ P given by n. i-A aa{x)u. When compnting 
Lie derivatives of local connection one-forms or ad P-valned one-forms with respect to a 
vector held we shall always reqnire that the local sections be (A, ^)-parallel. 

It is often nsefnl to express JZ^oj in terms of covariant derivatives. Snppose X has a 
coo jjietric g. We have = i^du + di^oj^ or in local coordinates, doj^/dx'^ + 

jdx^. We hnd that 

(3.4) £|a; = vf’^co + a;(V®0, 

nsing normal geodesic coordinates {x^} and (A, ^)-parallel local sections {cTq,}. In the 
seqnel, we omit the “tildes” to indicate lifts of vector helds or diheomorphisms on the 
base to the total space of a principal bnndle - this being nnderstood from the context. 
Remark that if $ : W —)■ W is a diheomorphism and uj G 0^(W, adP), then we have 

Let A be a connection on a G bnndle P over and let oj G 0^(§^, adP). For 
any t G (—cxd,cxd), let 5t be the dilation of given by a: i-A e^x and for any p G R^, 
let Tp be the translation of R^ dehned by Tp : a; i-A a: — p. If hi and Tp again denote 
the conformal diheomorphisms of induced by the chart x — then the group C = 
SO(4) X D X T of rotations, dilations, and translations of R^ is identihed with the subgroup 
in Conf(§^, ^fi) of diheomorphisms which hx the south pole s G S^. Setting pt = dt or rtp, 
these diheomorphisms are generated by the vector helds 

d d 

^ ^ dxf^ dxf^ 

We always choose p G R^ with |p| < 1. We next describe the construction of (A, ^)-parallel 
local sections for ^ = r or p. 

Considering the group of dilations D, let a^, as be the local sections formed by choos¬ 
ing points in the hbres P|„, P|s and then parallel translating along radial directions from 
the poles. The transition function u will be constant along the radial directions, (i'u(r) = 0, 
and the local co nn ection one-forms cr* A are in radial gauge. On the other hand, considering 
the group of translations T, suppose hrst that p = d/dx'^ and let anisa, aslga be the local 
sections formed by parallel translation from the north and south poles of the three-sphere 
C dehned by the image of the x^x^x^-pla,ne under the map : R^ —)■ \ {s}. 

We obtain local sections a„, as by parallel translation along the x^-axis. The transition 
function u will now be constant along the x^-axis, du{p) = 0, and the local co nn ection 
one-forms cr* A are in a transverse gauge. By a linear change of coordinates, the same 
argument applies to arbitrary translations. 
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For the dilations, we have 


(3.6) 


dS^u) 


dt 


t=o 


Ly.0J 


iy-dOJ + W, 


using = i^doj + di^oj^ or in local coordinates, 
Similarly, for the translations we have 


(3.7) 


dt 


t=o 


— —LpU 


—ipdu), 


^'^du^/dx'^ + ojjyd^'^/dx^. 


where p = p^d/dx^. 

For any A G (0, cxd), let cx be the diffeomorphism of dehned by the chart x — (j)~^ 
and the dilation cx of given hj x ^ x/X. Then cx = St with t = — log A, and so from 
Eq. (3.6) we have -§xc\uj = Similarly, for the translations Tq, q E R^, we see 

that Eq. (3.7) gives ^T*a; = —T*LpU}, where d/dp = p^d/dq^ on the left-hand side and 
using Tq+tp — ^tp o Tq ou the right. Combining these actions, we hnd that 

(3.8) ^ and = -jT*c*xLpU, 

Similarly, considering the action of the dilations cx and translations Tq on connection 
one-forms, we have 


(3.9) 


§-^r’ciA = 


d 


1 


f^T;clA=--T;clip 


Fa. 


These derivative formulas play a signihcant role in the sequel. 

It is convenient at this point to recall Taubes’ dehnition of a centred connection over 
the four-sphere [T88, p. 343]. Let A be an ^fi-ASD connection on a G bundle P with 
C 2 {P) = k over with its standard metric gi. Pulling back via the chart x — <j)~^ : 

\ obtain a h-ASD co nn ection A on a G bundle P over R^ with its 

standard metric d. Let 0 denote the flat connection on the product bundle. Suppose 
A 7 ^ 0: then the mass centre q and scale A are dehned by 


(3.10) 


q = Centre [A] = [ \Fa\‘^ d‘^x, 

A^ = Scale^lA] = —— [ \x — q\‘^\FA\‘^ d'^x. 

STT^/C ./in.4 


If A = 0, we set Centre [A] = 0 and Scale[A] = 0. The connection A is called centred if 
Centre [A] = 0 and Scale[A] = 1. Eq. (3.10) leads to the following Tchebychev ineqality: 


(3.11) [ \Fa\'^ d'^x <87r‘^kR-^, R>1. 

J\x-q\>RX 

Hence, the ball B{q, RX) contains A-energy greater than or equal to 87r^/c(l — R~^). 

Setting fx^q = ca o r^, we see that Centre [(/^^)*A] = 0 and Scale[(/^^)*A] = 1. Let 
Mk denote the moduli space of (/i-ASD connections on the bundle P over and let 
denote the moduli space of centred gi-ASD connections. Note that Mf consists of a single 
point representing the standard one-instanton over S^. More generally, the relationship 
between and is explained below: 
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Proposition 3.5. For any k > 0, the space is a smooth submanifold of M^. More¬ 
over, Mk is diffeomorphic to x x (0, cx)). 

Proof. One argues as in [T88, pp. 343-344] and [T84b, pp. 365-367]. Given [A] G Mk with 
Centre [A] = q and Scale[A] = A, set f\^q — cx o Tq. The map [A] ^ i[ifxl)*M: Q: then 
gives the required diffeomorphism. □ 

3.3. Gluing construction of approximately anti-self-dual connections. We 

describe the approximate gluing constructions of Donaldson [D86], [D-K], and Taubes 
[T82], [T84a], [T88], adapted to the case of “bubble trees”. For clarity, we hrst discuss 
the construction of approximately anti-self-dual connections over single connected sums. 
Let Xq be our closed, smooth four-manifold with metric go and injectivity radius go, and 
let Xi = with its standard round metric gi of radius 1. Let xi be a point in Xq and 
let xin,xis denote the north and south poles of Xi. Let Pi —)■ Xi be principal G bundles 
with C 2 {Pi) = ki, i = 0,1. Let FXq be the principle SO(4) bundle of oriented, orthnormal 
frames over Xq. 

A choice of frame vi G FXq\x^ dehnes a geodesic normal coordinate system = 
exp“^ : Bi{qq) —)■ Denote (fia — <f>a, a — s,n, where (f)~^ : Gq, = \ {a} —)■ 

are the standard coordinate charts on the four-sphere. Let i?i(r) = B{xi,r) be the open 
geodesic ball in Xq with centre xi and radius r, and let Bisir) — (f>is{{x G : |a:| < r}), 
an open ball in Xi with centre xig. Let Oi(r, i?) = Vt[xi,r,R) be the open annulus 
Bi{R) \ Bi{r) centred at xi G Xq, with inner radius r and outer radius R; similarly, let 
R) = f}{xis,r, R) be the open annulus Bis{R) \Bis{r) in Xi. 

Let > 4 be a large parameter, to be hxed later, and let Ai > 0 be a small scale 
parameter such that A^^A^ 1. We dehne open sets Xq = Xq \ Bi{N~^X q = 

Xq \ Bi{^X}i‘^), and Wq" = Xq \ Bi{2NXY‘^) — the complements in Xq of small balls 
around the point xi. Likewise, dehne open sets X[, X'f, and X'f in the sphere Xx. Let 
Di denote the annulus fii(A^“^Ay^, A^A^^) in Xq and let Ois = Ois(A^“^Ay^, A^A^^) 
be the corresponding annulus in Xi. Let ci be the dilation map on dehned by a: i—)■ 
x/Xi. Dehne balls B[ = Bi{NXy‘^) and B'{ = Bx{2X}x‘^) centred at xx in Xq and a 
diheomorphism 

(3.12) fx^fxnOCxocff^-.B'x —)■ X'x. 

Hence, fx identihes the small balls B'x and B'{ in Xq with the open sets X[ and Xf in Xx, 
and restricts to a diheomorphism fx : fix ^ Dig. 

We let X be the connected sum Xq^j^Xx. In §3.5 we dehne a smooth metric g on 
X which closely approximates the metrics gi on each summand X[ and such that the map 
fx'.B'x^ X'x is conformal. Thus, {X,g) is conformally equivalent to {Xo,go). 

Let Ai be ^rj-anti-self-dual connections on the bundles Pi ^ Xi, i = 0,1. The con¬ 
nections Aq, Ax, together with a choice of points in the hbres PqUh dehne local 
sections ax : Bx{go) —)■ Pq and axs '■ Xx \ {xxn} Pi by parallel transport along radial 
geodesics through xx, xxs- Hence, we obtain local trivialisations Po\bi — Bx x G and 
PxIb^s - Pis X G- 
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Let hi > be a small parameter, hi < |;min{l,po}- we will eventually set 

1 /2 

hi = AN\^ . Choose cutoff functions '0^ on Xi such that 0 < '0^ < 1, with '0o = 1 on 
Xq \ i?i(6i), '00 = 0 on i?i(6i/2), and similarly for '0i on Xi. We let A'q — '0o^o be the 
connection on the bundle ttq : -Po —^ defined by 


(3,13) 



^0 on Po\xo\Bi{bi) 

Tioitl^oalAo) onPilepfej). 


Of course, we have the analogous definition for the C°° co nn ection over Xi and we 
obtain almost anti-self-dual connections which are fiat on the balls 50 50. 

To construct the cutoff functions 'ipi, choose a bump function ( on such that 
({t) = 1 for t > 1 and ({t) = 0 for t < 1/2. Define a cutoff function 0^ on R^ by 
0b(a:) = </(|a:|/6), for any h > 0. Set 0o = (00^)*06i and extend by 1 on Xq \B{xi, hi) and 
by zero on B{xi,hi/2) to give 0o G C°°{Xo)] likewise, set ipi — (00^)*06i and extend to 
give 01 G C°°{Xi). Each 'ipi extends by zero to give a (7°° cutoff function on the connected 
sum X. 

Choose a G-isomorphism pi G Gla;^, where Gla;^ = HomG(5o0j, 5i0j^) ~ G is the 
space of “gluing parameters”. Using the connections Ai over the small ^6i-balls, spread 
out the fibre isomorphism pi to give a bundle isomorphism pi : 5o|n^ —)■ Pil^j^ covering 
the diffeomorphism /i : Oq —t fii. Thus, cripi = f^ais on Gi. We define the smooth 
connected-sum bundle 5 —)■ W with second Chern class C2(5) = k = + ki hy setting 
5|x' = PqIx' and P\x[ = Pi|x(- Note that the bundle 5 is defined by transition functions 
independent of the scale Ai. We define a smooth co nn ection A' = A'q^A'i on 5 —)■ Af by 
setting A' = A' on each summand X[. 

If r^. are the isotropy groups of the connections Ai and T = Tyi^ x Tyi^, then we 
recall that the gluing construction gives a bijection between the gauge equivalence classes 
[A'{pi)] in Bx,k and G0^/r [D-K, p. 286]. 

Using the diffeomorphism /i : 5^ —)■ Af(, we pull back the bundle P over Af to a 
bundle P over Afo, given by 5|x' = Po|x' and P\b[ = //Pi I s'- We have an induced 
system of local sections of P|b' given near xi by din = ficrin ■ B'l ^ P, dis = fi^is : 

B'l \ {ici} —)■ P, and di = ai : Gi(N“^Ay^, Po) —t P. The corresponding transition 
functions 'Ui — fiUi '■ B[\ {xq} —)■ G and pi : Gi —)■ G are determined by dis = dinhi on 
B[ \ {xo} and aipi = fi&is on Qi. 

On the pull-back bundle P —)■ Xq we define the corresponding smooth pull-back 
connection A' by setting A' = A'q on P|x' and A' = fiA'-^ on P\b[- We obtain local 
connection 1-forms for A' over Xq given by di„A' = f*ai^A[ on the ball 50 d*A' = cr*A q 
on the annulus Gi(N“^Ay^, po), and d0A' = f^ai^A'i on the punctured ball B'l \ {xi}. 

On the annulus Oi we have d0A' = a*A' = 0, and since 

(3.14) d0i' = p0^diiopi -L pi^dpi on Oi, 


we see that dpi = 0 on Oi and so pi is constant on Oi. The transition function •ui 
on B[ \ {xo} is independent of Ai, since 'Ui on Afi \ {xin,xis} is constant along geodesics 
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connecting the north and sonth poles. Thns, the bnndle P is dehned by transition fnnctions 
which are constant with respect to Ai. 

We now generalise the preceding discnssion to give a constrnction of approximately 
anti-self-dnal connections over mnltiple connected snms. The description we give here is 
closely related to Tanbes’ iterated glning constrnction [T88, §4], The constrnction parallels 
the description of the ends of the bnbble tree compactihcation Mxo,kigo) described in 
Chapter 4. 

It is convenient at this point to introdnce some terminology. Let I ~ 
denote a mnlti-index of positive integers. The length of I is r; we regard 0 as a mnlti-index 
of length zero. Given / = (ii,..., v), we let /_ = {ii, ..., V-i); we will often denote a 
mnlti-index of the form (fi,..., ir+i) by /+ or if we wish to be more specihc, by Ij, where 
j = fr+i > 0 or s, n (indicating north or sonth poles of S^), with a slight abnse of notation. 
Let J be an oriented tree with a hnite set of vertices {/}, inclnding a base vertex 0, and 
a set of edges {(/,/+)}. If / = and / = then we say / < J if 

r <t and J = (fi,... jV+i, ■ ■ ■ jjt)- The valence of each vertex / is the nnmber of edges 
emanating from that vertex. The height of the tree J is the nnmber of levels - the length 
of the longest mnlti-index minns one. With respect to a given vertex /, the edge (/_, I) is 
called incoming and the edge (/, /+) is called outgoing. 

The constrnction of a (7°°, approximately ^r-anti-self-dnal connection A! of second 
Chern class /c > I, associated with a tree J, reqnires the following data: 

Data 3.6. Gluing data for approximately anti-self-dual connections. 

(1) To each vertex /, we associate a (//-anti-self-dnal connection A/ on a G bnndle Pj —)■ Xj 
with C 2 {Pi) = ki > 0. If / = 0, then Xq is the base fonr-manifold with metric (/o, 
while if I > 0, then Xi = with its standard ronnd metric gi = gi of radins I. 

(2) To each edge (/_, /), we associate the data (6/, A/, pi, xj, vj) given by the 

(i) Connection cntoff parameter 6/; 

(ii) Scale parameter A/; 

(hi) Bnndle glning parameter pj G where GG^ = }iom{Pi_\xj, Pi\xi^)', 

(iv) Centre or glning site xj G Xi _; 

(v) Frame vj G FXq\xj if I- = 0. 

(3) Constants 6o, (io, Aq, N. 

For convenience, if 1+ = /s, we denote his = hj^ Xis = A/, Njs = N, and pis = pi. 
We let xim xjs denote the north and sonth poles of the spheres Xj = If /_ > 0, then 

where qj G Dehne 

(3.15) b = ma,xbi and A = maxA/. 

ie3 ie3 

The glning data shonld satisfy the following constraints: 



GEOMETRY OF MODULI SPACE ENDS 


15 


Condition 3.7. Gluing data constraints. 

(1) Scales: ANXy^ "G bi < \ niin{l, 4 < A^o < and 0 < Aj < Aq; 

(2) Separation of centres: Snppose xi,xir e Xi_. 

(i) If /_ = 0, then dist g^ixi, xjf) > 4(6/ + bjr), 

(ii) If/_ > 0, then \qi — qi' \ > 4(6/ + 6//); 

(3) Topology: Xl/ej kj = k and kj > 0 for some / > 0. 

Remark 3.8. Dehnition 3.6, together with the constraints of Condition 3.7 shonld be 
compared with the dehnition of “bnbble tree ideal” connections in §4.3. The reqnirements 
on the scales and separation of centres are in place simply to ensnre that the different 
glning regions do not interfere with one another. 

The glning procednre now generalises to give a family of approximately ^r-anti-self- 
dnal connections Jd = on a bnndle P over a mnltiple connected snm X = 

First, consider the dehnition of coordinate charts, open balls, and annnli in Xq. If /_ = 0, 
let (j)J^ — exp“^^ : B{xi,qq) —)■ be a geodesic normal coordinate chart dehned by a 
point Vi in the oriented frame bnndle hbre FXq\xj. Let Bi{r) = B{xi,r) be the open 
geodesic ball in Xq with centre xi and radins r. 

Tnrning to the fonr-spheres Af/, for any / > 0, let (pi^ ~ 4>ct^ a = s, n be the standard 
inverse coordinate charts on Xj. Dehne open neighbonrhoods in Xj by 

(3.16) Bis{r) = B{xis,r) — 4>is ({x G : |a:| < r}) and 

Bi^{r) = B{xi^,r) = (f)in ({x G : |a: - | < r}) . 

Let 0/(r, R) = 0(a:/, r, R) be the open annnlns Bi{R) \ Bjir) centred at xj G Af/_, with 
inner radins r and onter radins R. 

Dehne small balls Bj = B{xi,N)^j‘^) and annnli 0/ = 0(a:/, A^Aj^^, in Af/_, 

/ > 0. The open snbset X'j_ is the complement in Xi_ of the balls i?/(A^“^A}^^), the open 
snbset Xj_ is the complement in Xi_ of the balls i?/(|A}^^), and the open snbset X'j_ is 
the complement in Xi_ of the balls Bi{2NXj ) We dehne identihcation maps // by 

(3.17) // = <Pin o Cl O : B'j X', 

where c/ is the dilation x ^ x/Xj on The maps (f)i above are local coordinate charts 
on Xi given by 


(3.18) 



exp-/ if /_ = 0 
D o </>Z!n if ^- > 0, 


where t/ is the translation a: ^ a: — g/ on The charts — exp^/ may be replaced 
by — Tpj o exp-/, \pi\ po, if we wish to compnte derivatives with respect to the 
centres xi in Xq. For notational consistency, we let /o denote the identity map on Xq. 

Using the diheomorphisms fi:Vti^ Vtis we obtain a connected snm X = ^i^jXj. 
We again defer to §3.5 for the precise dehnition of a metric g on X closely approximating 
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the metrics gi on the summands Xj and such that the maps fj : B'j —)■ X'j are conformal. 
With this choice of metric, the connected sum {X^g) is conformally equivalent to (Wq, (/o)- 
We have a local section aj of Pi_ dehned by a choice of point in the hbre Pi_ \ xj and 
-parallel translation from xj-, similarly, we have local sections aim of Pi dehned 
by a choice of points in the hbres Pi\xj„, Pilxi^ and ^/-parallel translation from xin, xis- 
These sections provide local trivialisations Pi_\Bi(go) — PiiOo) x G and Pi\xi\{xin} — 
Xi \ {xin} X G. Dehne cutoff functions tjji on each summand Xi by setting 


(3.19) i^i = \\{^ilTYi+ on Xi, 

P 

where the factor {(l)Jg)*Ybi is omitted when / = 0. Note that '0/ = 0 on the balls Bis{bi/2) 
and Bi^{bi^/2) in Xi and smoothly extends by 1 on the complement of the balls Bis{bi) 
and Bi^{bi_^_) in Xi. Lastly, extend each Yi by zero to give a (7°° cutoff function on the 
connected sum X. Setting A\_ — ^'i — we obtain almost anti-self-dual 

connections which are hat on the balls Bi{bi/2), Bis{bi/2). 

The gluing parameter pi provides an isomorphism of the hbres : Pi_\xi — Pi\xis- 
Using the connections Ai_ , Ai, this identihcation is extended to give a bundle isomorphism 
Pi ■ Pi_ lu/ —^ -P/lu/s covering //. Using these identihcation maps we obtain a connected- 
sum G bundle P ^ X with C 2 {P) = k and whose transition functions are constant with 
respect to the scales A/. The cutoh connections A'j on Pi patch together to give a G°° 
connection A' on P. As before, the connection A' on the connected-sum bundle P over X 
pull back via the maps fi to give a connection A' on a bundle P over Xq. 

Lastly, we record some estimates for the connections A! when restricted to a summand 
X\. For this and later purposes, we dehne the following Sobolev norms: Let denote 
the Levi-Civita connection on TXi dehned by the metric gi, so that if / G G°°{Xi), then 

n 

(3.20) II/IIm(a'„„) = E ll(V‘")7lltp(.Y,.„), 

i=0 


for any 1 < p < cxd and integer n > 0. Similarly, if a G Q}{Xi, adP/), then 


(3.21) 


a 


= VlKVA*.!") 


LGXi,Ai,gi) 


Ai,gB 


i=0 


a\ 


LP{Xj,gi)- 


It is important to note that these norms will depend only on a set of fixed connections, 
and a set of fixed metrics {gi}i^j. 

Recalling that A'j ~ dehne one-forms ai G G^{Xi,a,dPi) by setting A/ = 

A'j + ai- Thus 


J (1 - 


With the aid of bounds for the derivatives of the cutoh functions tjiJ G = G{gj) and 
J = /_ or /, 

(3.22) \dYj\gj<Gbj^ on Oj(6j/2,6j) and \\dYj\\L^{Xj,gj) < G, 


standard arguments then give the following estimates: 
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Lemma 3.9. Let 1 < p < oo. Then there exists a constant C = C{Aj, gi,p) such that 

(a) \\ai\\Loc(^Xi,gi) < Cb and \\ai\\Lp{Xi,gi) — ’ 

(b) ||F(>1 ',)||l-(x„„) < C and ||F+'»'(^',)llL.(X,.i„) < Ct'r 

3.4. Approximate gluing maps. Adopting a more global perspective, the construction 
of §3.3 yields a family of “approximate gluing maps”, : T/F —)■ B*^ and : T/F —)■ 
B*Xq fc, which we describe in this section. We hrst recall that the standard Kuranishi models 
give the required parametrisations for neighbourhoods of points [Aj] in Mxj,kii9i)- Let 
AI be a (//-anti-self-dual connection over A/, with isotropy group F^i^ and = 0. For a 
small enough open neighbourhood Tai of 0 G we have smooth Fyi^-equivariant maps 

(3.23) ai-.TA: ^ herd*// cn\X I, ad Pi) 

solving the (//-anti-self-dual equation + aiiti)) = 0, tj E Ta,- Setting Ajiti) = 

Ai + ai{ti), we obtain a homeomorphism 

(3.24) diiTAj/LAj —^ Uai, tj \—> [Ai{ti)], 

onto an open neighbourhood Uai of [Ai] G Mxj,ki- If Aj is the product connection, 0, 
then Fyi^ = SU(2) and so ^ 0, while = 0. If Aj is a non-trivial reducible 

connection, then Fyi^ = and ^ 0: we have a homeomorphism dj : TaJLAi —^ PAi 
and a diffeomorphism di : (T^^ \ {0})/Fyi^ —)■ UAi \ [Ai]. Finally, if Ai is irreducible, then 
Fyi^ = (±1) and = 0: in this case we have a diffeomorphism rlj : Taj /LAj Uaj- 
We now dispose of the construction of neighbourhoods of reducible connections in 
Mxo,ki9o)- Recall that the reducible connections in Mxo,ki9o) are in one-to-one corre¬ 
spondence with pairs {±c}, where c G iF^(Ao,Z) satishes = k. In particular, there are 
only hnitely many and so to describe a neighbourhood of any such reducible connection 
[A] G Mxo,ki9o), we may employ the Kuranishi model -dyi : Ta/F^i —)■ Ua- 

We now describe the approximate gluing maps and 3', beginning with the parameter 
spaces T/F. First, with the centres {xi} and scales {Aj} held hxed, the parameter spaces 
Taj and Gl^,^ combine to give a C°° manifold 

(3.25) T = Ta, xI[{Ta, X GRJ, 

leo 

parametrising a “small” family of approximately anti-self-dual connections. Then 

(3.26) F = Fyi„xJ]FA, 

/eJ 

acts freely on T and T/F is a C°° manifold. If we allow the centres, now denoted r//, to 
move over disjoint balls B{xi,ro) C Aj_ and allow the scales Aj to vary in the interval 
(0 , Aq), the parameter space of Eq. (3.25) is augmented to give a manifold 


T = Tao X {Taj X GR, X B{xi, ro) x (0, Aq)) , 
ie3 


(3.27) 
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parametrising a “large” family of approximately ^r-anti-self-dual connections. Again, F acts 
freely on T and T/F is a manifold. We fix local trivialisations of the frame bundle FXq 
over the balls B{xi,ro) and these provide smooth families of geodesic normal coordinate 
charts on Xq. 

We note that the almost anti-self-dual connections A' produced by §3.3 are indeed 
irreducible: 

Lemma 3.10. Let A' be a connection on the G bundle P over X defined by Data 3.6 
and Condition 3.7. Then A! is irreducible, that is H^, = 0, for small enough bo and large 
enough Nq. 

The Lemma follows from Aronszajn’s unique continuation principle for solutions to 
AA'rj = 0 via standard methods, so the proof is omitted. Hence, the approximate gluing 
construction of §3.3 gives a map 

(3.28) t^lA'{t)], 

where ^ has the structure of an Hilbert manifold, n > 3. Moreover, 3' is a C°° 
submersion onto its image; see §5.2. We refer to as an approximate gluing map over X 
and its image 'll' C B*^ k an approximate gluing neighbourhood. 

The dimension of the parameter space T/F is given by 

(3.29) dim T/F = — dimH^^ + ^^{dim — dimH^^ + 8), 

/>o 

since each factor x B{xi,ro) x (0, Aq) has dimension 8, dimiF®^ = dimFyij, and 
= 0 for all / > 0 by hypothesis. Families of centred ^rz-anti-self-dual connections 
Ai G (gi) are parametrised by small balls and thus, we obtain a parameter 

space 

(3.30) T« = Tao X J] X Gl,, x B{xi, ro) x (0, Aq)) , 

leo 

with quotient T®/F of dimension equal to dimMx,A:(fi')- The map : T^/F ^ B^ ^ 
a embedding; see §5.2. 

Lastly, using the conformal diffeomorphisms //, the bundle P over X pulls back to a 
bundle P over Xq. The gluing construction now produces an approximately ^rQ-anti-self- 
dual connection A' in B^^ k- The map of Eq. (3.28) pulls back to a map 

(3.31) 3': 7/r ,, f^|i'(()l. 

Again, 3' is a submersion onto its image and and is a embedding when the 
parameter space T/F is replaced by the smaller parameter space T®/F; see §5.2. As before, 
the image V' of 3' in B^^ k called an approximate gluing neighbourhood. 
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3.5. Metrics on connected snms. In this section we define a conformal strnctnre 

[g] on the connected snm X = This is accomplished by replacing the standard 

ronnd metric gi on each spherical snmmand Xj by a qnasi-conformally eqnivalent metric 
gi so that the identification maps Xj are conformal. We then constrnct a 

metric on W in the conformal class [^r] = [^rg] and compare the resnlting norms for 
the different possible metrics on each snmmand Xj. Onr constrnction is modelled after 
the constrnctions of Donaldson and Tanbes for metrics on connected snms - see [D86, p. 
322], [D-K, p. 293], [D-S], and [T92]. The metric g depends on the choice of fixed base 
metric (/g, fixed neck width parameter N, scales Aj, centres x/, and frames vj. We also 
obtain bonnds for the derivatives of g with respect to A/ and xj. 

With respect to a geodesic normal coordinate system x = on C Wg, the 

covariant components of go satisfy 

(3.32) {(pi^go)fiuiO) = 6^,, and 

I(</'*!and 


d{(i)*^go)^,v 


dx^ 


( 0 ) = 0 , 


dx'^ 


(x) < c\x\, |a:| < po/2. 


for some c = c{go) [K-N]. The analogons relations hold for the contravariant components 
of go ■ We now define a conformal strnctnre [^r] on X: 

Definition 3.11. The conformal strnctnre [^r] on X is defined by the metric go on 
Xq and a choice of metric gi on each snmmand Xj, / > 0, given by 


f hj{x){(f)*jgo)f,„iXix) if /_ = 

\ hl{x)h];‘^{Xix + qi){(p*igi_)f^„iXix) if /_ > 0 


_ /2 

where |a:| < A^Aj ' . For convenience, we let gj = gi denote the standard metric on Xj 
and let ^g = go denote the metric on Xq. 

Definition 3.11 provides the following expression for gj: 


(3.33) {(f)*j^gi)^^{x) = hl{x){(f)*^go)f,^.{y{x)), |a;| < iVA^ 

where 

(3.34) y{x) = (j)~^ o o • ■ ■ o f-^ o (pinix) 

Ai^ (-^nU (■ ■ ■ (Xi_(XjX + qj) + qi_)---) + QqiJ. 


The map fj : B'j ^ X'j is now conformal with respect to the metrics gi_ on B'^ C X'j 
and gi on X'f. 




Xj ‘^hl{x/Xi){(j)*jgo)j,^{x) if /_ = 0 

Xj‘^hl{x/Xi)hj'^{x + qi){(p*jgi_)j,u{x) if I- > 0, 


1 /2 ~ 

where |a:| < NX/ . Thns, ffgi is conformally eqnivalent to the metric gi_ on 0/ and so 
we obtain a conformal strnctnre [^r] on Af = 

We mnst verify that gi is a good approximation to the standard ronnd metric gi on 
Xj for Xi^ small. 
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Lemma 3.12. For any / > 0, the metric gj converges to gi in on compact subsets 
of Xj \ {x/s} as —)■ 0. Moreover, we have the following bounds: 

(a) For any integer I > 0, there is a constant c — c{go, 1) such that 


■ ■ ■ dx°'‘ 




< cN"^\ i^h\{x), 


x\ < 


The analogous bounds hold for the contravariant components ’ Provided 

h^x) is replaced by hi‘^{x). 

(b) Let *gj denote the Hodge star operator for gj. Then there is a constant c = c{go) 
such that 


II *gi C - *giC\\L°-{xygi) < ciV^AiJ|C||L'-(x',gU’ C ^ {Xj, adPj). 

Proof, (a) This follows easily from Eq. (3.32) and Definition 3.11. (b) This follows imme¬ 
diately from (a) and the dehnition of the Hodge star operator. □ 

We will also reqnire bonnds for the derivatives of gj with respect to the scales A/ and 
centres xj. The following estimates will snfhce for onr application. 

Lemma 3.13. If 0 < I < J, there is a constant c = c{go, J) such that the following 
bounds hold. 

_ 1/2 

(a) For any |a;| < NXj ' , 


dXi 


(x) < 


cXphl{x) if I < J and |/| = 1 

cX‘f^h‘llx) if I < J and | J| > 2 

cN‘^h\{x) if I = J and \ J\ = 1 

cX]^\x\hl{x) < cN X]^XJ^^‘^ hKx) if I = J and \ J\ > 2. 


(b) Ifd/dpi = pfd/dqf, then for any |a:| < NXj^'^^, 


dpi 


(x) < 


cNX]^‘^hi{x) if I = J and | J| = 1 
cX‘f^}^{x) if I < J and \J\ >2. 


The analogous bounds in (a) and (b) hold for the contravariant components of gj, if 
hi{x) is replaced by hf‘^{x). 

(c) For any ( E 0^(Wj, adPj), then 



< 


L-(X' gj) 


cNX 

cN^^ 


- 1/2 


L^{X'j,9j) 


L°°{X',gj) 


L-°{X'j,gj) 


< cNXl^‘^\n,\\L^(^X'j,gj)- 


if I = J and \ J\ > 2 
otherwise, 


Proof, (a) The ineqnalities follow from Eq. (3.32) and Dehnition 3.11. 



GEOMETRY OF MODULI SPACE ENDS 


21 


(b) The proof is similar. When |/| = 1, we recall that the normal geodesic chart = 
exp^,^ is replaced by = exp^,^ or^.^ in order to compnte the reqnired derivative at 
— 0 (corresponding to Xi^ — (/)i^(0)). The estimates follow immediately from (a) and 
(b). □ 

We next dehne an honest (7°° metric on W. Consider a neck 0/ = labelled 

by the mnlti-index I. We replace the metric gi_ on the annnlns 0/ and replace the metric 
gi on the annnlns O/s by conformally eqnivalent metrics mi_gi_ and migi so that 

(3.35) rni_gi_ = fiimigi) on O/. 


Hence, the metrics mi_gi_ and migi agree on the neck and patch together to give a 
metric, say g, on a neighbonrhood of the neck in the connected snm Xi_^Xj. On the 

annnlns 0/ = ^ < |a:| < we have 


(3.36) i4>*ifigi)t^u{x) 


4Af (Af + Ixp) ‘^{(l)*jgo)^^{x) if/_ = 0 

4Af (Af + \x\‘^)~‘^hi‘^{x + qi){(f>*igi_)^^u{x) if /_ > 0. 


By comparing fjgi and gi_ on fl/, a little experimentation reveals that the C°° conformal 
factors mj_ and mj can be chosen so that 


(3.37) < mi_ < on fl/(A^“^Ay^, iVA^^), 

< mi_ < K on Qi{^Xy‘^, NXy^), 
mi_ =1 on 0/(2A}^^,4A^Ay^), 

and likewise for m/ on 0/^, for some constant k = ^(^ro). For each snmmand Xj, we 
smoothly extend the mi to X'j- by setting mi = 1 away from the neck regions. This gives 
a metric on Af = by setting 

(3.38) g = migi on Af|, for all / G 2. 

The constrnction ensnres that each mi obeys 

(3.39) K~^ < mi < kN'^ on Af|, < mi < k on X” , and mi = 1 on X'” . 

Thns, the metrics gi and g are eqnivalent on X” with constants independent of N, and 
eqnivalent over X'j with constants now depending on N. 

The Hodge star operator *g : 0^(Af, adP) —)■ 0^(Af, adP) only depends on the con¬ 
formal class [^r] of g and so over each snmmand of X we have *g = *migi = *gi- From 
Lemma 3.13, we obtain: 

Lemma 3.14. There is a constant c — c{go) such that for any ( G 0^(Af, adP), then 

(a) |||^CI|L°°(X,g) < ciVA^ ^^^||C||L°°(X,g), 

(b) ll|^CIlL-(X,g) < ciVA■/^||C||L°°(X,g)■ 

We will often need to compare norms dehned by the different metrics gy gi, and g 
over Xj C X. The reqnired “comparison estimates” are below follow in a straightforward 
way from Lemma 3.12 and Eq. (3.39), and similar ineqnalities may be fonnd in [D-K, p. 
294]. 
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Lemma 3.15. For any / > 0, the following holds. 

(a) If 2 < p < oo and 4 < q < oo, there is a constant c — c{gQ, k,p, q), 1 < c < oo, such 

that for any u G adP/) and ( G adP/), then 

\\^\\L<i{Xyg) < c\\u\\L<i{xygi) and ||CI|lp(X;,(?) < c\\C\\LP{xygi), 
\\(^\\Li{X'/,gi) < C~^\\(^\\L<i{X'/,g) and \\C\\LP{X'/,gi) < C~^\\C\\lp{X'/, g)- 

(b) Ifl < p < oo, n > 1, and bo is sufficiently small, there is a constant c — c{go, k, n, N,p), 

1 < c < oo, such that for any a G adP/), then 

c“^||a||Lp(x;,gU < \\oi\\Lp{x'j,gi), l|a||Lp(x;,g) < c||a|| lp(x;. g,)' 

Lastly, having defined the conformal strnctnre [^r] of X, we apply the estimates for 
dij^i in Eq. (3.22), the estimates for A'j and in Lemma 3.9, and the estimates 

for *g — *gj in Lemma 3.12 to obtain a bonnd for the L^-norm of the ^r-self-dnal cnrvatnre 
F~^’^(A') = |(1 + *g)F{A') of the connection JV on the connected snm bnndle P over X. 
Similar estimates have been given by Tanbes and Donaldson. 

Proposition 3.16. For 1 < p < oo and sufhcently small bo, there exists a constant 
C = C{go,p, T) such that for any t G T one has \\F^'^{A')\\Lv[x,g) < Cb^^^. 

3.6. Estimates over connected sums and conformal vector fields. The goal of 
this section is to obtain estimates for the derivatives with respect to the scales Aj and 
centres xj of ad P-valned one-forms Cj over the base manifold Xq obtained by pnlling back 
adP-valned one-forms u over the connected snm X. 

Following Tanbes [T84b], [T88], let ns begin by defining some nsefnl Sobolev norms on 
0^(S^, adP) and examine their behavionr nnder conformal diffeomorphisms. Snppose A is 
a (7°° connection on a G bnndle P over Let gi be the standard ronnd metric on and 
let 6 be the fiat metric on §^\{s} obtained via the conformal identification 

Let denote the covariant derivative on 0^(S^,adP) defined by the connection 

A and metric gi, while denotes the covariant derivative on \ {s}, adP) defined 

by A and 5. Define an Lf norm on adP) by 

(3-40) ll‘^llL2(S4,A,gi) = 11^^1^2(84,gi) + 

Similarly, if u) has compact snpport in \ {s}, define 

= II V"^’^^IIl2(S4,5) 

(3-41) II^^IIl2(S4,a,5) = II^^I|l2(s4,5) + II 

The properties of | ■ |yi and || ■ ||l2 (S4 ,a,5 ) are described by the following resnlt of [T84b]. 
Recall that C = D x T x SO(4) is identified, nsing —)■ \ {s}, with the snbgronp 

of conformal diffeomorphisms of (E>'^,gi) which fix the sonth pole. 
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Lemma 3.17. [T84b, Proposition 2.4] Given an Lf connection A on a G bundle P over 
then the following holds. 

(a) I ■ |a extends to a continuous norm on adP). 

(b) The norm | ■ \a is C-invariant: for any f E C, \ f*uj\f*A = \^\a- 

(c) There exists a constant 1 < z < oo, which is independent of P, A, f, and u) G 
n^(§^,adP), such that 

< z\\‘^\\Ll{S^,A,gi), 

^ ^ll^llL2(S4,A,gi) < ^ ^\\‘^\\Ll{S^,A,gi)- 

Lemma 3.18. [T88, Lemma 3.1] Let A be a co nn ection on a G bundle P over 
with its standard metric gi and let / : —)■ be a conformal diffeomorphism. Then 

there exists a constant 1 < z < oo, which is independent of P, A, f, and u G adP), 

with the following significance: 


^ ^ll‘^llL2(S4,A,gi) < ll/*‘^llL2(SL/*A,gi) < ^11^^ II L2(SL A,gi) ■ 

Recall that cx denotes both the dilation x e-)■ x/X of and the conformal diffeo¬ 
morphism of (§^, ( 7 i) indnced by (f)n- A straightforward application of Holder’s ineqnality 
yields the following “transfer estimates” for the maps cx. 

Lemma 3.19. Let 2 < p < pi < 4, let X E (0,1], and let U be an open subset of 
\ B{s, NX^/‘^). Let P be a G bundle over Then there is a constant C = C{N) such 
that the following holds. 

(a) Ifu E n^{U,adP), then ||c>|lLP(c-i([/),gi) < CX‘^/P-^/P^\\u\\LPi{u,gp- 

(b) JfC G n‘^{U,adP), then ||c^C|lL 2 (c-b[/),gi) ^ C'IICI|L2([7,gi)- 

We next consider the action of the conformal gronp on 0^(§^,adP). Let fx,q denote 
the lift to §^, via the chart (f)n, of the conformal diffeomorphism cx o Tq on M^. Let P be a 
G bnndle over and snppose u E 0^(S^, adP). Then Eq. (3.8) gives 


(3.42) 


dX 


= -^f\,q^rUJ and 


df. 


X,q 


U 


dp 




where d/dp = pP'd/dqP'. It will be convenient to express the above Lie derivatives in terms 
of covariant derivatives. If H is a connection on P, then Eqs. (3.6) and (3.7) imply 

(3.43) LrOJ = u) + and LpU = vA'^w. 


This leads to the following estimates for the derivatives of ^oj with respect to A and q. 
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Lemma 3.20. Let A be a connection on a G bundle P over let C \ 
i?(s,iVA^/^) be an open subset, and let u G Ll^{U,adP). Let d/dp = p^d/dq^, \p\ < 1. 
Then there is a constant C = C{q, N) such that the following bounds hold. 

(b) \\9flq^/dp\\mf-liU),gP <CMLliU,A,gp- 

Proof, (a) Observe that U — NX~^^'^)) and fx^iU) — (l)n{B{q, NX^^'^)). From 

Eqs. (3.42) and (3.43), we have 


dX 


= -A-V, 


X qLyU) 


and 






+ /; 




X,q ^ 


where r = y^d/dy^ and ^ = x^d/dx^ with respect to the coordinates y = on Lf 

and X — TqO (f)~^ on fxq{U). Since \ fxq on fxq{U), Lemma 3.19 implies 


< C'A^/^||a;||L4((7^g^) + C'A^/^||V^’^a;||L2([/^g^) 

= CX^^‘^\\u)\\l2(^uj^s)^ 


the last step following by conformal invariance. Lemma 3.17 then gives (a), 
(b) From Eqs. (3.42) and (3.43), we have 


dflq‘^ 

dpi 


= -A-V, 




and flqLpU = on fx^U), 


A,A 


’X,q^ 


where p = p^^d/dy^ on Lf and ^ *p = Xp^d/dx^ on fy^ \ {U). Since |/;,^ ^ *p|gi < CX on 
fxqiU), Lemma 3.19 implies 


< OAIIV^ 


y \ j-j \ 5' 


Lemma 3.17 then gives (b). □ 

We will freqnently need to compnte estimates for families of one-forms uj over con¬ 
nected snms X and to this end, it will be nsefnl to dehne snitable Sobolev norms which 
depend only on the hxed connections Aj and, in particnlar, the hxed metrics gj on each 
snmmand Xi rather than varying metric g on X. Let P be the G bnndle over the con¬ 
nected snm X = ffi^jXi dehned in §3.3. Then we may view any u G 0^(Af, adP) as a 
collection of ui G 0^(Af},adP7) which agree over the necks flj = ff~^{flis) connecting 
each pair Xj and Xj: 


a*jUi_ = Ad {pj ^)ffa},^ui on O/, 


where fiiflj^ 0/s is the identihcation map. 
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From §3.5, we recall that there is a C°° metric g on X which agrees, modulo the 
conformal factors m/, with the metrics qq on the base Xq and gi ~ gi on the four-spheres 
Xj. Moreover, the norms on adP/), 4 < q < cx), and norms on adP/), 

2 < p < oo, compare uniformly when dehned with the metrics gi, gi, or g = migi on X'j. 
The constants involved in these norm comparisons are independent of the scale parameters 
A j for forms supported on X'^ and independent of both the \j and N for forms supported 
on Xj. Thus, we may conveniently dehne norms on adP), 4<q< oo, and 

norms on Q‘^{X, adP), 2 < p < cxd, using the metric on Af. 

In Chapter 5, we will need to bound the Lf norms of solutions u G 0^(Af, adP) to 
the ^r-anti-self-dual equation -|-a;) = 0 over X. Unfortunately, since the conformal 

factors mi have badly behaved derivatives over the neck regions, the norm comparisons 
described above do not hold for Sobolev norms if n > 1. Of course, problems of this 
type are encountered in [D86], [D-K], and [T92]. So, given such an a; G adP), with 

(jj — as above, and 1 < p < cxd, dehne 

(3-44) ||t^||£f(X) = \\^l\\LP{Xi,Ai,gi): 

leo 


by analogy with Eq. (6.25) in [T92]. 

Recall that a one-form u G adP) pulls back to a one-form uj G 0^(Afo,adP) 

dehned by 

(3.45) ^ = on /q-i ■ ■ ■ fj\X'j) C Xq, 


for each J G J. We will need estimates for the derivatives of Cj with respect to the scales 
A/ and centres xj. To begin, we need suitable expressions for these derivatives: 

Lemma 3.21. Let oj G Q}{X'j, adPj), let 0 < I < J, and let 8/dpi = p^d/dqj. Then: 
(“) ifS ■ • • /Jc.- = /o’ ■ ■ • tor J < I; 

(b) afr/o* ■ ■ ■ /A = -Xfo ■ ■ ■ /UrW, for J = I; 

(c) At/o* ■ ■ ■ /> = -Xfo ■ ■ ■ /Ur/4 ■ ■ ■ />. for J > I 

(d) An ■■■/> = /o’ //t7. for J < /; 

(e) Afo ■ ■ ■ //‘T = -Tfo ■ ■ ■ /UpW, for J = /; 

(f) AfS •■■/> = -A/Vo’ • /Up/4 ■■■!>, for J> I- 

Remark 3.22. When /_ = 0, then 8/dpi = p^8/8pj and fi = (pin o cj o (pj^ is replaced 
by /j = (pin o Cl o Tp^ ° (pj^ in order to compute the derivative at p/ = 0. 


These expressions lead to the following bounds for the derivatives with respect to the 
scales Xi and centres xi of the pull-backs /q • ■ ■ fjOJ- 
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Lemma 3.23. Let uj G adPj), let U = /q~^ o ■ ■ ■ o fJ^{Xj) C Xq, let 0 < I < J, 

and let d/dpi = p^d/dqj with \pi\ < 1. Then there is a constant C = C(goj N) such that 
the following holds. 


(a) 

d f* 

d\jJ0 ■ 


(b) 

d f* 
dX,J0 ■ 


(c) 

d f* 
dpi to 

■/> 

(d) 

d f* 
dpi to 

■/> 


LHU,go) 

< 

c 

du 

dXi 

, for 

LPX'j,gj) 

J < I; 

L^(U,go) 

< 


MLi{X'j,Aj,gj), forJ>I 


< 

c 

du 

, for 

J < I; 

LHU,go) 



opi 

LHX'j,gj) 


LHU,go) 

< 

Cll 


iX'j,Aj,gj), for 

IV 


Proof, (a) By repeatedly applying Lemma 3.19, we find that 


A. 

dXi 




LHU,go) 


0 *‘*/j 


du 


d\i 


< C 


LHU,go) 


du 


d\i 


LHX'gj) 


as reqnired for (a). For J = I and U = 
show that 


d 


dXi 




L^iPgo) 




o ■ ■ ■ o fj (X'j) C Xq, Lemmas 3.19 and 3.20 
* dffuj 


dXi 


LHU,go) 


< C 


dffu 


dXi 


LHfp\X'),gi_) 


< CXj ^^‘^\\uj\\Ll{X',,Ai,gi)- 


Let 1/ = /-I O ... O fJ^X^j) C X'j, so that U = /q 
we have 


o .. • o f/r\V) C Xq. Then for J > /, 


d 



* 9 * 

dxA^ 

■■/> 

LHU,go) 

to ■■■//_ ■ ■ ' JJ^ 


< C 


A. 

dXi 




LHU,go) 


LPff\V),gi_) 


< C\\u\\L2(^x'j,Aj,gj)- 


by repeatedly applying Lemma 3.18 in the last step. This gives (b); the proofs of (c) and 
(d) are similar. □ 

Finally, we obtain onr estimate for the derivatives of u with respect to the scales A/ 
and centres xj. 



GEOMETRY OF MODULI SPACE ENDS 


27 


Proposition 3.24. There is a constant C = {go, 7) such that for any u G adP) 

and t E 7, the following bounds hold. 

(a) \\du/dXi\\L2(^Xo,go) ^ C!{\\du/dXi\\L 2 (^x,g) + 

(b) \\du/dpi\\L^Xo,go) < C{\\duj/dpi\\mx,g) + ||t^||£2(x)). 

Proof. From Lemma 3.23 we have 


L^iXo,go) j<i 


\L^{X',gj) 


+ cXj ^ W^Wli 


{X'Aj,gj), 


and so (a) follows from Lemma 3.15. Similarly, Lemma 3.23 gives 


L^{Xo,go) j^j 


+ 11(^11 LliXy A j,gj)- 

L^{X'j,9j) J>I 


and likewise, (b) follows from Lemma 3.15. 


3.7. Derivatives with respect to scales and centres. We obtain estimates for 
the derivatives of the connections JT and A! and of the ^r-self-dnal cnrvatnre F^’^{ A') with 
respect to the scales A/ and centres xj. 

Thronghont this section we reqnire that bj = ^NX J for all J. Let ns hrst record the 
following bonnds for the derivatives of the cntoff fnnctions ijjj for J = /_ or /: 

(3.46) Idf^j/dXilg^ <CN-^XJ^ and Iddf^j/dXilg^ < on Xf, 

Idfjj/dpilg^ <CN~^XJ^^‘^ and \dd^jjj/dpi\gj < CN~‘^XJ^ on Xf, 

where d/dpi = pfd/dqf and \pj\ < 1. The constant C depends only on gj. We now begin 
with the pP estimates for derivatives of the connections A'. 

Proposition 3.25. Suppose 1 < p < oo and I > 0. Then for sufficiently small Aq, there 
is a constant C = C{go,p, T) such that for any t E 7, 

(a) ||9V/aA,||i.,x,5) <caU“'-'", 

(b) \\dA'ldp,\\L.(x.,)<C\p. 

Proof, (a) Observe that dA'fdXj is non-zero only on the snpports of dipi_/dXi and 
d'lpi/dXi, given by the annnli Plj{^bi,bi) in Xj_ and flis{\bi,bi) in X'^. 

Step 1. Estimate of dA' / dXi over Xj_. Recall that = 1 on the complement of 
the balls Bj{bi) in Xj , while 0 < 'ipj_ < 1 on flj{Xbj^bj), and 'ipi_ = 0 on Bj{^bj). 

We have a'^A' ~ 'fii_(r*jAi_ on Qi{^bi,bi) and thns = -§^cr'}Ai_ on Xj_. Since 

Idfji/dXil < CXJ^ by Eq. (3.46) and \o'jAi_\gj_ < CX^/'^ on fli{^bi,bj) by Lemmas 3.1 
and 3.3, we obtain the pointwise bonnd 

^ </c'A7'/" on fli{\bi,bi) 

dXi ~ \ 0 ^'i- \ bi). 



28 


PAUL M. N. FEEHAN 


Hence, we get the integral estimate 
(3.47) 


[ 

dA' 

lx'_ 

dXj 


dVg < 


noting that g = gi_ on Xj \ Bj{^bi) and appealing to Lemma 3.12. 
Step 2. Estimate of dA!/d\i over X'j. A similar argnment shows that 

IP 


(3.48) 


f 

dA' 

Ix' 

dXi 


dVg < 


and combining the integral bonnds from Steps 1 and 2 gives (a). For (b) we nse the 
pointwise estimates \dtfj/dpi\ < C\j , J = The same argnment as in (a) then 

gives the reqnired bonnd. □ 

Onr next task is to obtain a estimates for the derivatives of the ^r-self-dnal cnrvatnre 

F+’S(A'). 

Proposition 3.26. Suppose 1 < p < 4 and / > 0. Then for sufficiently small Aq, there 
exists a constant C = C{go,p, T) such that for any t E 7, 

(a) \\^F+■«(A')|a\,\h,^x.,) < C\p-\ 

(b) \\dF+.<’(A')ldv,\h.(X,,) < 

Proof (a) We note that F+’®(A') = F+’®-^('i/jAj) on Xj and so dF~^’^{A')/dXi is snp- 
ported on Uj>/_A7/. It is convenient to obtain estimates separately over the regions 
X'j, and X'j, ~J> I. 

Step 1. Estimate of dF~^'^{A')/dXj over X'j On the annnlns Qi{^bi,bi) we have 
F+’^{A') = ^{l + *g,_)F{i;i_Ai_) and 

F{ifi_ Ai _) = 'ifi_ F{Ai_ ) + dtfi_ A cr| A/_ + ('i/f_ - tfi_)a}Ai_ A cr| A/_ . 
Therefore, we see that 

^ ^ xdF{'iPi_Ai_) 


dXj 

dF{'ifi_Ai_) 


= 2(1 + *9.- 

dtfi 


dX] 


F{Ai_) + A a*jAi_ + - l)?^a*jAi_ A a*jAi_. 


dXi dXi ^ dXi ^ ^ ^ dXi 

on X'j _. The metric gi_ is independent of Aj and so applying the pointwise estimates of 
Lemmas 3.1, 3.3, and Eq. (3.46), we hnd that 


dF+’9{A') 


dXi 


< 


9I_ 


cx 

0 


-1 


on fli{\bi, bj) 
on Xi_ \ fli{\bi,bi). 


Conseqnently, we obtain 
(3.49) 


f 

dF+’S{A') 

/x'_ 

dXj 


dVg < CX]-'^, 


where we observe that g = gj_ on flj^^bj, bj). 
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Step 2. Estimate 0 /9F+’®(A')/9A/ over Xj. We have F+’®(A') = A(1 + *g^)F('0jAj) 
and F{'ijjiAi) — 'ijjiF{Ai) + dif^i A (j}sAi + ('^f — 'ijji)a’}gAi A (j}sAi on Xj. Thns, 


dF+’S{A') 

dXi 

dEji^iAi) 

dXj 




gij 


dXr 


d^i 77 //, N , . * . , * A A * A 


dX 


dXi 


dXi 


on X'j. Applying the pointwise estimates of Lemmas 3.3, 3.12, 3.13, and Eq. (3.46), we 


hnd that 



aF+’S(A') 

dXi 


(x) < 

91 


0 on Bisilbi) 

CXJ^ on ^is{^bi,bi) 
C\x\ on Xi\Bis{bi). 


Now g = gi on Xi\Bjs{^bi), and so applying the above estimates and Holder’s ineqnality 
gives 


(3.50) 


f 

aF+’S(A') 

/x; 

dXj 


dVg < CX]~^, 


completing Step 2. 

Step 3. Estimate o/9F+’®(A')/9Aj over Xj, J > I. We have 


dF + ^3^^jAj) _ 1 d*g. 


dXi 


2 dXi 


F{tl;jAj) on X'j, 


since F+’®(A') = i(l + *gj)F{'ijjjAj). The pointwise estimates of Lemmas 3.9, 3.12, and 
3.13 show that 


dF+’^{A') 

dXj 


[x) < 


9J 


0 on Bjsi^bj) 

C\x\ on Xj\Bjs{lbj). 


Again, g = gj on Xj \ Bjs{\bj), and so 
(3.51) 


f 

dF+’9{A') 


dXj 


dVg < C. 


Combining the integral estimates of Steps 1 to 3 then gives (a). 

(b) The argnment is the same, except that we now nse the cutoff function estimates 
\d%l)j/dpi\ < CXj^^"^, \dd%l)j/dpi\ < CXJ^, J = and metric estimates \dgj/dpi\ < 

(WVA^^^ J> I. □ 

Lastly, we have estimates of the derivatives of A' with respect to Xj and xi. 



30 


PAUL M. N. FEEHAN 


Proposition 3.27. Suppose / > 0. Then for sufficiently small Xq, there is a constant 
C = C{go,7) such that for any t E 7, 

(a) \\dAf/dXi\\L2{Xo,go) ^ C*, 

(b) \\dA'/dpi\\L2{Xo,go) 

Proof, (a) The connection one-forms over Xq having non-zero derivatives with respect to 
Aj are given by 


A' = 


over 


-1 


fmiXL) C Xo 




* 

I 


over Xi\Bi,{Nf^Xy^), 


where Af is the (7°° connection over Xj, / > 0, given by 




A', = i 


i^iAi 


' fjf’jAj over the regions fj^ (Xf) C Xj 

over the complement of these regions in X/. 


It is convenient to consider the estimates over these different regions of X separately. 
Step 1. Estimate of dfQ ■ ■ ■ ff_ipi_Ai_/dXi. We have A' = f^ ■ ■ ■ ff_ipi_Ai_, which is 


snpported on t/i = /q ^ o ■ ■ ■ o C Xq, and 

Ui- Lemma 3.19 implies that 

d%l}i_Ai_ 


so 


d\. 


■A' = A 


on 


/o---/ 


7_ ■ 


dXi 


< C 


L^{Ui,go) 


d'ipi_ A 2 


dXi 


LffX'j ,gi_) 


We have — 'ifi_(J*jAi_, where the section aj is chosen so that a*jAi_ is in radial 

gange, and so the pointwise estimates of Lemmas 3.1, 3.3, and Eq. (3.46) show that 


dXi g,_-lO onW/_ \S/(6/). 


Noting that g = gi_ on Xi_ \ we obtain the integral bonnd 


f 

dipi_ Ai_ 

lx'_ 

dXj 


dVg < CXi, 


and combining the preceding integral estimates gives || < CXY"^, completing 

Step 1. 
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Step 2. Estimate of O/q ■ ■ ■ ff'ipiAj/dXj. We denote A! = /q ■ ■ ■which is 
supported on U 2 = fo^ o ■ ■ ■ o C Xq, and so = fo ■ ■ ■ ff_ ^ffi^jAi on U 2 . 

Repeated application of Lemma 3.19 then gives the integral bound 


r* f* dfff^iAi 

Jo--- Jl. 


< C 

tRU 2 ,so) 


dfffjiAi 

dXi 




Recall that Eq. (3.9) implies -^ffij^iAi — —Xj^ffiy-Fi^iAi) on B'j. The curvature 

FfiJiAj) is supported on Xj \ Bis{\hi) and is supported on Bi{JNY^X^/‘^)- 

Then, 

WiuBF{tl)iAi)\s,{x) < K 

and since (l)}ffLj.F{'iJ>iAi){x) = Xj^fJ^irF {tj>IAi){x/Xj)^ we obtain 


: dfff^iAi 


dXi 


[x) < 


Si_ 


AK 


Afl 

x\ 

(Af + 

a: 

2)2 


0 


if |a:| < JNj 
if |a:| > : 


where K = ||F('0/A/) ||ioo(X/,g/) is bounded by a constant C independent of A/ by Lemma 
3.9. But g — gj_ on Bj{XN]~^ xY"^) C Xj'_, and moreover, the metrics gi_, gi_^ and 

di_ are equivalent over the ball Xy‘^), with constants depending at most on xj. 

Thus, we obtain the integral estimate 


f 

dffA' 

/x;_ 

dXi 


dVg < CXj, 


and so, combining these bounds, we have || af 7 ^^||L 2 ([/ 2 ,go) — FXj, completing Step 2. 
Step 3. Estimate of 9/q ■ ■ ■ ffA'j/dXj. We have A'j = ff^ ■ ■ ■ fjipjAj over V 3 = ff^ o 
■ ■ ■ o fJ^(Xj) C Bj^ C Xi, with J > I. We denote A' = fQ---ffA'j and observe that 
^A' = /o* ■ ■ ■ /;_ ^ffA'j over t/3 = /o”' o ... o fY\V^) C Wq. Thus, 


dffA'j 

dXr 


-Xj^ffi^FiAA = -Xj^ffi^Fifl ■ ■ ■ Pj^PjAj) 
-Xj\^-^J!---rjF{f;jAj). 


Note that dA'j/dXj is supported on ^{By) C Bj. 

As r = y^d/dy^ with respect to y = on Af 7 \{a:js}, we have fj^-^ = x^djdx^ with 
respect to a: = on Bj. If \y\ < Rq on By, for some constant 0 < Rq < 00 depending 
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at most on x/, then |a:| < RqXi on fj Thns, < RqXi on fj and 

so we have the pointwise bonnd 

<i?o|/;---/}F(AS)U_ on fr\Bl). 

9I_ 

Therefore, with the aid of repeated applications of Lemma 3.19, we hnd that 


dA'j 

dXi 


* * dA'r 


dA'j 

/o ■ ■ ■ //_ 

< c 

LRUs,go) 

dXi 




and since \\F{A'j)\\L2(^x'j,gj) < C, this gives 


A' 


< C, completing Step 3. 

LRUs,go) 


Combining the resnlts from Steps 1 to 3 then yields (a). For (b) we nse the cntoff fnnction 
estimate |9'0j/9pj| < CXj J = The vector held r is replaced by p = p^d/dy^, 

with respect to the coordinates y = Then, = Xjp'^d/dx^ with respect to the 

coordinates x — and we have the vector held estimate |/^^p| < RqXi on fi~^{Bj^). 
The reqnired bonnd then follows by an argnment similar to that of (a). □ 


3.8. Derivatives with respect to bundle gluing parameters. The purpose of this 
section is to obtain estimates for the derivatives of the almost ASD connections A' and A! 
with respect to the bundle gluing parameters pi G Gl/, / > 0. These estimates may be 
extracted from [D-K, §7.2] and we include them here for completeness. 

Since we wish to diherentiate a family of connections A'{pj) on a family of G-bundles 
P{pi) with respect to the gluing parameters pi G Gl/, we hrst pull this family back to an 
equivalent family on a fixed bundle, say P{pi), as described in [D-K, p. 296]. Let pi G G1 
be a given gluing parameter: then points pi in a small neighbourhood of pi in Gl/ can be 
written in the form p = p/exp(n), where v E Vj = adPi\xi^ — 0 . One regards the hbres 
of Pi_ and Pi as being identihed by pi and so v may considered as a local section of both 
Pi_ and Pj, covariantly constant with respect to the connections A'j_, Afi 

We digress in order to construct a set of cutoff functions { 77 } on X such that 
= 1- These cutoffs will be needed here and again in §5.1 for patching together 
certain integral operators over the Xi to give an integral operator over X. Ghoose a bump 
function 7 G such that 7 (t) = 1 if t > 2 and 7 (t) = 0 if t < ^. Dehne a cut-off 

function 7 ^ G by 

(3.52) 7 A(a:) = 7 (|a:|/A^/^), a: G M^. 

Now dehne cutoff functions 77 on each summand Xj by setting 

(3.53) 7 , = - 7A,) 

A 


on Xi, 
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where the factor — 7 ;^^) is omitted when / = 0. Note that 7 / = 0 on the balls 

and in Xj. We extend 7 / to a C°° cntoff fnnction on Xi by zero 

on these balls and by 1 on the complement of the larger balls Bis{2Xj ) and Bi+{2Xj^ ) 
in Xj; then extend by zero ontside Xj C W to give 7 / G C°°{X). By constrnction, we 
have 'YhieJ'Xi = 1 on W, with a slight abnse of notation. Indeed, note that // maps the 
annnlns 2 A 7 ) aronnd the point xj in Xi onto the annnlns Ojs(iAj, 2 A 7 ) aronnd 

the sonth pole xis in Xj. Then, ffjj + 77 _ = 1 on each annnlns O 7 . Lastly, note that 
there is a constant (7, depending at most on the metric go, snch that 

(3.54) \d^i\gi < CXJ^^'^ on 07 , 07 s and \\d^i\\LPiXi,gi) < CX^^^ 

for any 1 < p < cxd. Dehne gange transformations ui_{v) on AntP/ lx' and ujiv) on 
AntP/lx' by setting 


(3.55) 


ui_ (v) 
u/(v) 


exp('yfv) on O7 
1 on X^_ \ O7 ’ 

exp(— 77 _n) on O 7 S 
1 on Xj \ Qjs- 


Note that uj has a natnral extension to a gange transformation of Pi over all of Xi — eqnal 
to exp(—n) on Bis{Nf^Xy^), the ball enclosed by the annnlns 07 ^. Similarly for the gange 
transformation ui_. After identifying the bnndles and base manifolds over 0 = 07 = ^is, 
we have ui_uj^ = exp(( 77 _ + 77 )^) = exp(n). Hence, relative to the flat connections 
A'j_ , Aj , the gange transformations uj differ by a constant bnndle antomorphism over O 
and so their action on the connection A'[pi] is the same: ui_{A'{pi))\ii = ui{A\Pi))\q^. 
Therefore, while the antomorphisms uj do not patch together to give a global antomor¬ 
phism of P{pi), their actions on the connection A'{pi) do. Indeed, we can dehne a con¬ 
nection A'{pi, v) on P{pi) by 


(3.56) 


A'(pi,v) 


ui_{A'{pi)) onX'j_ 
ui{A'{pi)) on X'j. 


If Pi = p7exp(n), the connections A'{pi,v) and A'{pi) are gange eqnivalent [D-K, p. 
296 ]. Thns, as desired, we have an eqnivalent family of connections A'{pi,v) on the hxed 
connected snm bnndle P = P{pi)- Let L7 C GI7 be a coordinate neighbonrhood and 
snppose pi E Li. Then 


(3.57) 0 D i ?0 — )■ L 7 C GI 7 , v\—)■ piiy) = Pi expiv) 

is a coordinate chart centred at pi, where B^ is the nnit ball in g, and there is a 
embedding 

(3.58) QPBq —^ 'U' —tA'(p 7 ,n). 

It remains to consider the derivative of the family A'{pi,v) with respect to v. 
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Recall that if w = u{s) is a one-parameter family of gauge transformations, R is a 
fixed connection, and B^{s) is the induced one-parameter family of gauge transformed 
connections, then dB'^/ds{0) = ds'^iu ^'u(O)), where n ^'u(O) G 0°(X,adP). Although 
the ui _, uj are not globally dehned gauge transformations, this differentiation formula still 
applies to the one-parameter families ui_{s) = ui_{sv) and 'Uj(s) = ui{sv). Therefore, we 
have 


(3.59) 


dA' d . 

= -rA {pi,sv) 
ov ds 


s=0 


dA' ini'v) on X'i_ n bl 

—dA' isyi_v) on X'j n o 
0 on X \ n. 


This leads to the following estimate for the derivative of the family A'{pj) with respect to 
the gluing parameters pi] a related and more general estimate is given by Lemma 7.2.49 
in [D-K]. 

Proposition 3.28. Let 2 < p < 4 and suppose that 4 < q < oo is determined by 
1/4 -|- 1/q = 1/p. There is a constant c — c{go,p, T) such that 

(a) c\v\X^/^~^ < \\dA'/dv\\L<i{x,g) < , 

(b) c\v\X^/^~^^‘^ < \\dA'/dv\\LP{x,g) < c~^\v\xf^~^^‘^. 

Proof. Note that 7 /_ -|- 7 / = 1 on O and so dA'ipiiv) — —dA'{yi_v) on Li. Moreover, 
dA'iyiv) = dyi An on O, and so we have \\dA'i'yiv)\\Li(x,g) = |n| ■ \\d'ji\\L<i(x,g)- From Eq. 
(3.54) there is a constant c > 0 independent of Xj such that 


|n|A 


2/q-l/2 ^ 


dA' 


dv 


< c ^|n|A 


LhX,9) 


2/q-l/2 
I ’ 


since \\dA'/dv\\Lq(x,g) = \\dA'{yiv)\\L<i{x,g)- Then (a) follows since 2/q — 1/2 = 2/p — 1, 
and likewise for (b). □ 

Using the conformal maps /j, we pull back the family A' = A'{pj,v) on the hxed 
bundle P over X to a family A'{pi, v) on the hxed bundle P over Xq. 

Proposition 3.29. If 2 < p < 4, there is a constant C = C(qn,p,7) such that for any 
teT, \\dA'/dvhpiXo,go)<CX^/"~'/\ 

Proof. Since dA'/dv = 0 outside the annulus Lljs C Proposition 3.28 gives 


dA' 

dv 


LP{Xpgi) 


But A' = /q ■ ■ ■ ffA' on U = f^ ^ o ■ ■ ■ o fj ^(X'j) C Xq, and so Lemma 3.19 gives 


dA' 


dA' 


< c 

LP{U,go) 

dv 


LP(Xygi) 


Combining these estimates gives the desired bound. 


□ 
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3.9. Derivatives with respect to lower moduli. In this section we obtain estimates 
for the derivatives of the connections A! ^ A! ^ and the self-dnal cnrvatnre F^^^{A') with 
respect to the “lower modnli parameters” tj. The bnndle Pj carrying the family of connec¬ 
tions {Ai(ti)}tjeTAj can be assnmed to be fixed with respect to the parameters t G Taj 
since the space Taj — an open ball in centred at 0 — is contractible. However, the 
local sections ai+{ti) are defined by the connections Ai(ti) (together a choice of point in 
Pi\xi^) and will vary with t/. Thns, the bnndle glning maps for the connected snm bnndle 
P, defined by h-)■ CTij^spi+iti) (snppressing the identification map fj : —)■ 

will in general vary with tj. We may snppose that the remaining parameters are fixed and 
thns we obtain a family of connections A'{ti) on a family of bnndles P{ti). The difficulty, 
of course, is that unless we have a family of connections defined on a fixed bundle, we can¬ 
not define the derivative dA'jdtj. Problems such as these are discussed in [D87, p. 423]. 
For our purposes, we note the bundles are all isomorphic and as Taj is contractible, the 
connections A'(ti) could be pulled back by bundle isomorphisms hj G Hom(P(0), 
to an equivalent family h*jA'(ti) on the fixed bundle P(0) and then we could define 


(3.60) 


dA' _ dh}A' 

dti dti 


Since any two such families hi{ti) of bundle isomorphisms would differ by a family of 
automorphisms of the fixed bundle P(0), then dA'/dtj would give a well-defined tangent 
vector to using (3.60). Naturally, the analogous remarks apply to the 

family of connections A'(ti) on the bundles P{ti). 

In our case, a family of isomorphisms hj{ti) : Pjifi) —)■ Pjiti) may be described quite 
explicitly, in a manner similar to that of §3.8, and these will give a gauge equivalent family 
of connections h}A'(tj), h*jA'(ti) on fixed bundles P(0), P(0) respectively, although just 
as in §3.8, the isomorphisms hj{tj) will not patch together to give a global isomorphism 
of P{0) with P{ti) or .P(O) with P{ti). Nonetheless Eq. (3.60) still makes sense and this 
allows us to estimate the length of the tangent vector dA'/dtj in terms of derivatives of 
the local connection one-forms, as desired. Let hjiti) : Pi{0) —)■ Piitj) be a family of 
bundle isomorphisms represented locally by ^/^(O) i—)■ aj^(t)9j^{ti). Then h}Aj(tj) is an 
equivalent family on the fixed bundle P/(0), with 


cTi_^_{0)*hi{ti)*Ai{ti) = ^/_^(tj) ^uj^(tj)*A/(t/)^/+(tj) + ^/+(tj) ^d9i^{ti). 


Note that while the local connection one-forms ai_^ {tj)*Aj{tj) are in radial gauge, this will 
not in general be the case for the one-forms ai_^_{0)*hi{ti)*Ai{ti). We next consider the 
variation in the bundle gluing maps pi_^_(ti) induced by the variation in cT/_^(t/) with tj. 
Over W/, we replace 9j^(tj) above by 6*/+(t/) exp( 7 /^n/(tj)) and over define hi{ti) 

by right multiplication with exp( 7 /nj(t/)). Recalling the notation of §3.8, vj : Taj —)■ 0 
is a smooth map with n(0) = 0 defined (for small enough Taj) by the identity pi^(tj) = 
Pj'+ (0) exp(n 7 (t/)). Lastly, for J /,/+, we set hjitj) = 1. Then, for the remainder of 
this article, we require that the derivatives dA' jdti be defined by (3.69). 

This understood, we obtain the following estimates for the derivatives with respect to 
the parameters ti of the connections A' and A' and for the ^r-self-dual curvature F^’^{A'). 
The proofs are straightforward, following the pattern in §3.7, and so are omitted. 



36 


PAUL M. N. FEEHAN 


Proposition 3.30. Lot 1 ^ ^ CX3. For sufficioiitly^ shihH ^o? thoro odists h coiistHut 
C = C{g{)^p^ T) such that for any t G T, 

(a) \\dA'/dti - dAi/dti\\LP(x'/,gj) < 

(b) \\dA'/dti\\LP^x,g) <C. 

Proposition 3.31. Lot 1 ^ ^ CX3. For sufhciontly small ^o? thoro is a constant 
C = C{go,p,7) such that for any t G 7, \\dF~^’^{A')/dti\\LP(^x,g) < 

Proposition 3.32. For sufficiently small bo, there is a constant C = C{go, N,7) such 
that for any t G 7, \\dA' /dti\\L2(Xo,go) ^ C'- 

Proof. Let U = /q“^ ■ ■ ■ C Xq and note note that -^A' = -^fo ■ ■ ■ fftl^iAi, which 

'^fo ■ ■ ■ = fo " ' oil U and zero elsewhere. Now 

df)jAi ^ ^ df)jAi 

L^U,go) LHX',gi) 

by Lemma 3.19 and so the resnlt follows. □ 

3.10. Differentials of the approximate glning maps. We close this Chapter by 
snmmarising the resnlts of the preceding sections and record onr bonnds for the differentials 
of the approximate glning maps 3' (which follow by combining Propositions 3.25, 3.30, and 
3.28)) and 3' (which follow by combining Propositions 3.27, 3.32, and 3.29). 

Theorem 3.33. Let 3' ■ 7 -y ^ approximate gluing map t i-A [A\t)]. Assume 

1 /2 

bi = 4iV/Aj^' for all I. Then for sufficiently small Aq and any f G T, there is a constant 
C = C{go,7) such that the following estimates hold. 

(a) \\D3'id/dtf)h.^x,g)<C, 

(b) \\D3'id/dp^j)\\mx,g)<CXy^, 

(c) \\D3'id/dxf)h2^x,g)<C, 

(d) \\D3Ad/dXj)\\mx,g)<C. 

Theorem 3.34. Let 3' '■ 7 ^ B\ ^ be the approximate gluing map t hA [A'{t)]. Let 

1 /2 

bj = 4NiXj for all I. Then for sufficiently small Aq and any t G 7, there is a constant 
C = C{go, T) such that the following estimates hold. 

(a) \\D3'{d/dtf)\\L.(^Xo,go)<C, 

(b) \\D3'{d/dpy\\LHXo,go)<CXyy 

(c) \\D3Ad/dxf)h^Xo,go)<C, 

(d) \\D3Ad/dXj)\\mxo,go)<C. 

4. Bnbble Tree Compactification of the Anti-self-dnal Moduli Space 


In order to describe the ends of the modnli space Mxo,k{go) one cnstomarily appeals 
to the Uhlenbeck compactihcation Mx^^kiQo)- This allows one to give qnite explicit de¬ 
scriptions of the parts of the ends away from the diagonals in the symmetric prodncts 
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MxQ,k{9o) X 'S^(Xo) appearing in the compactification, as for example in [D86, §V] and 
[D-K, §8.2], These examples consider ideal bonndary points of the form (Aq, xi,..., xi), 
where the Xi are distinct points with mnltiplicity 1 and Aq is a ^tq-ASD connection over 
Xq. Open neighbonr hoods of {Aq, xi,... ,xi) in are then constrncted by glning 

standard one-instantons onto Aq. 

In order to constrnct open neighbonr hoods of ideal bonndary points corresponding to 
the diagonals of Mx^^kiQo) we mnst employ the iterated glning constrnction of Chapters 
3 and 5. This strategy is mentioned briefly in [D-K, §8.2], The constrnction gives a 
homeomorphism ^ : T^/T —)■ V, where V is an open neighbonrhood of a bonndary point 
in MxQ^ki9o) — a ‘glning neighbonrhood’. In order to nse this procednre to describe 
the ends of fc(fi'o), we need to show that fc(fi'o) is covered by hnitely many snch 
glning neighbonrhoods. In particnlar, we need to show that any point in MxQ,k{9o) which 
is snfhciently close to the ideal bonndary (with respect to the Uhlenbeck topology) lies in 
the image of a glning map d- This is accomplished in two steps: 

Step 1. We show that any seqnence {Aa} of (/q-ASD connections over Xq converging 
weakly to a limit (Aq, xi,, Xmo) determines a seqnence of metrics {9a} and a seqnence 
[Aa] of ( 7 q,-ASD connections over a connected snm X = which converges strongly 

to a limit in the sense of [D-K, §7.3]. Here, {X,ga) is conformally eqnivalent to 

(Ao,(7 o), for all a, and is dehned exactly as in §3.3 and §3.5. 

Step 2. We apply an analogne of Theorem 7.3.2 [D-K] to show that the new seqnence 
{Aq,} is Dq-convergent, g > 4, in the sense of [D-K, §7.3]. The appropriate analogne of 
Theorem 7.2.62 [D-K] then shows that the points [Aq] G Mx,k{ga) he in the image of some 
3 for snfhciently large a. Conseqnently, the points [Aq] G Mxo,k{go) he in the image of 
the corresponding map 3, for some parameter space T®/T. The choice of parameter space 
T^/r is essentially determined by (Aj)jgj, which we call the strong or bubble tree limit of 
the seqnence {Aq}. 

In this Chapter we discnss Step 1 and describe the bnbble tree compactihcation of the 
modnli space of anti-self-dnal SU(2) connections — the extension to the general case of 
compact, semi-simple Lie gronps being straightforward. Step 2 is discnssed in §§5.1 and 5.2 
after the necessary analytical framework has been established. Thronghont this Chapter, 
we snppose only that Xq is a closed, oriented, simply-connected ( 7 °° fonr-manifold, go is a 
( 7 °° metric, and G = SU(2). 

4.1. Uhlenbeck compactification. We recall the dehnition of the Uhlenbeck compact¬ 
ihcation [D-K] and describe some of the related convergence resnlts we will need for onr 
description of the bnbble tree compactihcation. 

Definition 4.1. An Uhlenbeck ideal go-ASD connection on a G bnndle P over Xq with 
C 2 {P) = /c > 0 is a pair (Aq, Zq), where Aq is a (/q-ASD connection on a G bnndle Pq over 
Xq with C 2 {Pq) = ko > 0 and Zq = {xi}]!^} is a (possibly empty) set of points in Xq with 
mnltiplicities > 1, for i = 1,... ,mo, snch that ki = k. The cnrvatnre density of 

(Aq, Zq) is dehned to be the Borel measnre 


(4,1) 


^((,4o, Zo) — +87r^,lzo, 
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where Szg = so that the total mass of Zq) is Setting I = kj -I — ■ + 

km and repeating points according to their mnltiplicity, one obtains an element (xj,... ,xt) 
of the symmetric prodnct s^(Xo). 

Definition 4.2. Let {Aa}^=i, be a seqnence of ^tq-ASD connections on a G bnndle P 
over Xq with C 2 {P) = k > 0 and let (Aq, Zq) be an ideal ^tq-ASD connection on P. Then 
the seqnence {Aq,} converges weakly to (Ao,^o) if: 

(a) The seqnence converges to /u(Ao, Zq) in the weak-* topology on measnres; 

(b) There is a seqnence of bnndle maps 7 q, : -Po|xo\Zo -P|xo\Zo snch that 7 *Aq, 

converges in on compact snbsets of Xq \ Zq to the connection Aq. Eqnivalently, 
reqnire that for any integer n > 1, there is a seqnence of bnndle maps 7 q, snch 
that 7 *Aq, converges in L'^ ioc \ Zq to Aq. 

Via the natnral extension of Definition 4.2 to seqnences of ideal connections, the set 
of all Uhlenbeck ideal ^tq-ASD connections of fixed second Chern class /c, IMxQ,k{go) = 

Y[’i=oi^Xo,k-ii9o) X 'S^(Vo)), is endowed with a metrisable topology. Let M^Xo,k{9o) b® 
the closnre of MxQ,ki9o) in IAIxQ,ki9o)- According to [D-K, Theorem 4.4.4], any infinite 
seqnence in MxQ,k{9o) has a weakly convergent snbseqnence with limit point in 
and in particnlar, the latter space is compact [D-K, Theorem 4.4.3]. 

For onr description of the bnbble tree compactification, we will need the following mi¬ 
nor extension of the convergence resnlt in Theorem 4.4.4 [D-K] and its consin. Proposition 
9.4.2 [D-K], which allows for a seqnence of metrics {ga} converging to gQ in G°°. The proof 
employs standard argnments well described in [D-K, §4.4] and is left to the reader. 

Proposition 4.3. Let {Ua}'^=i be an exhaustion of the punctured manifold Xq \ {p} by 
an increasing sequence {Ua}’^=i of precompact open sets, so that Ui <£ U 2 ■ C Vo\{p} 
and = Vo\{p}. Let {ga}’^=i be a sequence of metrics on the subsets Lf^ converging 

in (r > 3) on compact subsets of Xq \ {p} to a metric go on Xq. Let P be a G bundle 
over Vo \ {p} and let be a sequence of ga-ASD connections on the restrictions 

P\ua- bf there is a constant M < 00 such that 


/ \FiA^)\l^dVg^<M for all a, 

Ju^ 

then there is a set of points Zq — {xi}^^ C Xq and a go-ASD connection Aq on a G 
bundle Pq over Xq such that a subsequence {Aa}’^=i converges weakly to (Aq, Zq). □ 

The mass of the Uhlenbeck limit (Ao,.^o) ia Proposition 4.3 is times an integer 
and may be compnted from the weakly convergent seqnence {Aa}’^=i by 


(4,2) 


lim lim 

n—>-oo a—>-oo 





5a 5 


where is any exhanstion of Vo\{p} by an increasing seqnence of precompact open 

snbsets. 
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4.2. Conformal blow-ups. Given a sequence of ^ro-anti-self-dual connections on a G 
bundle P over Xq with curvature densities concentrating near a set of ‘singular points’ in 
Xq, we define associated sequences of mass centres and scales. In a ma nn er analogous to 
Chapter 3, we then obtain sequences of ‘conformal blow-up maps’ fia (dehned exactly as 
in §3.3) which resolve these singularities in a sense that will be made precise below and in 
§4.3. As will become evident, the process of applying conformal blow-ups may need to be 
iterated before the singularities are completely ‘resolved’. 

Let us commence by dehning the hrst level conformal blow-ups. Suppose is a 

sequence of ^rQ-anti-self-dual connections over Xq with weak limit (Aq, Zq). Let us consider 
the behaviour of the sequence in near the singular set Zq = 

in more detail. If the point Xi has multiplicity ki, then 

(4.3) lim lim [ \F{Ac)\l dVg,,=87r^ki. 

r—yoo a—>-oo / ^ 

B{xi,r) 


Choose constants (io,^o such that 

(4.4) 0 < do < niindist ^(,( 2 ;^, Xj) and 0 < ro < | min{l, po? <^o}- 

We next dehne mass centres and scales of po-nnti-self-dual connections restricted to the 
hxed ball B^Xi^ro) C Xq by appropriately modifying the previous dehnitions of mass 
centres and scales of §3.2 for pi-anti-self-dual connections over First, note that 

(4.5) j {\F{A^)\l-\F{Ao)\l) dV,„=8n^k,. 

B{xi,ro) 

Choose a frame Vi in FXq\j;. and let q — be the associated geodesic normal coordinate 
chart. For each f, dehne a sequence of mass centres {xia}’^=i in B{xi, ro) by Xia = (t>xi (qia), 
where qi^ = Centre [Aa\B{xi,ro)\ ^ and 

(4.6) Centre [A^\B{^xuro)\ = j ^ (l^(^a)lgo “ l^(^o)lgo) ^^^ 20 - 

B{xi,rQ,) 

Dehne a sequence of scales in (0, cxd) by setting Xia = Scale[AQ,|B( 2 ;.^j,p)], where 

(4.7) Scale"[>l„|B(„,„,l = j |, - (|f (7l„)|^„ - |f (7lo)|?J dV,,. 

B{xi,ro) 

As in §3.2., Eq. (4.7) leads to a Tchebychev inequality: 

(4.8) j {\FiA^)\l-\F(A„)\l) dV,„<Si,%R-^ R>1. 

B(^Xi ^FtXi(y ) 

Hence, if i? 3> 1 and a is sufficiently large, the balls B{xia, RXia) contain most of the 
Sw'^ki quantity of Ao-energy bubbling oh at Xia- 
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Remark 4.4. Other choices of scale function are possible. For example, we might have 
chosen A^q to be the radius of the ball centred at Xia containing Aa-energy d>Ti‘^{ki — ^). 
As in [D83], a cutoff function is required in order to regularise this dehnition. 

Thus, we obtain a sequence of scales associated to the sequences of mass 

centres {xia}'^=i and connections Moreover, Eq. (4.3) implies that the sequence 

Xia converges to Xi and that the sequence of scales Xia converges to zero. Choose a 
sequence of frames Via ^ converging to the frame Vi G FAfo|a;. and let be 

the corresponding geodesic normal coordinate charts. Let /j, = (f)in o o , where 

c\^^ is the dilation of given by a: i—)■ xjXia-, let gia be the approximately round metric 
on X[^ dehned as in §3.5, let Pia = be the induced G bundle over X'^,, and let 

Aia = be the induced ^ia-anti-self-dual connection on Pia- We call the maps 

fxia conformal blow-ups. 

We obtain a sequence of open subsets X'-^ which exhaust Xi \ {xis}, a sequence of 
metrics and a sequence of ^ia-anti-self-dual connections over the X'-^. 

The sequence {gia}'^=i converges in on compact subsets of Xi \ {xis} to the standard 
round metric gi on W = Let {ga}^=i be the sequence of (7°° metrics, dehned as in 
§3.5, on the connected sum X = dehned as in §3.3, and let be the 

induced sequence of (/a-anti-self-dual connections over X. We call the connected sums 
{X,ga) conformal blow-ups of (Xo^go). 

There is a uniform upper bound on the norms \\F{Aia)\\L‘2{x' ,gia) since 

(4.9) [ \FiAa)\l^dV-,^^= [ \FiAa)\ldVg,<87r^ih + l/2), 

ZOL \ I-CX-f XOL 

for sufficiently large a by Eq. (4.3), while Eqs. (4.5) and (4.8) give a lower bound 


(4,10) 



|r(.4.a)l 


2 

9ioc 


dV-„. 

yzc 





1 / 2 ), 


Proposition 4.3 provides a subsequence {Aia}’^=i which converges weakly to an ideal gi- 
anti-self-dual connection (A^, Zi) over W, where Zi = {xij}Jfi. The energy bound of Eq. 
(4.8) ensures that Zi d Xi \ {xis}. Let gi = g{Ai, Zi) be the associated singular measure 
on Xi and note that its mass may be computed by 



lim lim 

R^oo a—^oo 



\nAd\ijvs,. 


Since this must be 87r^ times an integer, Eqs. (4.9) and (4.10) imply that gi has mass 
Sn'^ki, where ki = ^ (//-anti-self-dual connection on a bundle Pi over Xi 

with C 2 {Pi) = kio, and each point Xij has multiplicity kij. 
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Remark 4.5. It is not strictly necessary that we constrnct a seqnence of honest metrics 
Qa over the connected snms X = above; a seqnence of conformal strnctnres [ga\ 

constrncted as in §3.5 wonld snfhce and this wonld eliminate the need for the choice of 
conformal factors over the necks. In any case, the actnal limits obtained are independent 
of snch choices. 

The above conformal blow-np constrnction prodnces a seqnence of ^^i^-anti-self-dnal 
connections on increasing snbsets X[^ of the fonr-sphere Xi with weak ^fj-anti-self- 
dnal limit {Ai,Zi). With the inverse process of glning in mind, we describe a modihed 
choice of conformal blow-nps which yield centred limits (Ai, Zi). First, a technical lemma 
concerning the variation of geodesic normal coordinate charts with their coordinate centres 
is reqnired. The proof nses Taylor’s theorem and is left to the reader. 

Lemma 4.6. Let Xq be a closed n-manifold with metric go and injectivity radius 
go- Let Xq & X , let vq G FX\xq, and let x = expF^^ be the geodesic normal coordinate 
chart on B(xo, go) dehned by the frame vo- Suppose xi G B{xo, Po/4) and p = expFQ^(a:i), 
so that distgQ(a:i, xo) = \p\. We now define two coordinate charts on B{xi, Po/2). 

(a) Let vi G FX\x-^ be the frame obtained by parallel translating vq along the geodesic 
joining xq to Xi, and let w = exp“^ on B{xi, Po/ 2 ); 

(b) Let Tp be the translation on given by q ey q — p, and let w = Tp o exp“^^ on 

i?(a:i, po/2). Then the coordinates w converge to w in on B{xo, go/4:) as p ^ 0: 
\w^ — w^\ = 0(|r(;||p|), \dw^/dw°‘ — 5^\ = 0{p), and for all m >2, /dw°‘^ ■ ■ ■ — 

0{p). 

Next, we dehne the mass centre and scale of a positive Borel measnre g on by 
(4.11) p = Centre [//] = / xdg and = Scale^[p] = / \x — p\‘^ dg. 

iR4 JR4 

Let 0 be the prodnct connection over Xi. The proof of the following lemma describes how 
to choose conformal blow-nps which prodnce centred limits. 

Lemma 4.7. Let {Aa} be a sequence of go-anti-self-dual connections over Xo with 
weak limit (Aq^Zo), where Zq = is non-empty. Choose rg as in Eq. (4.4). Then 

for each Xi G Zg, the sequence {A^} determines a sequence of points {wia} converging 
to Xi, a sequence of frames Via G FXgl^ui^ converging to a frame Vi G FXo\xi, Siud a 
sequence of scales {Kia} converging to zero such that the following holds. Fix N > 4, let 
fwia be the corresponding sequences of conformal blow-ups, and let A^,.^ be the induced 
sequence of g^^^-anti-self-dual connections with weak gi-anti-self-dual limit (Ai, Zi) over 
the four-sphere Xi. The limit (Ai, Zi) has the following properties: 

(a) If Ai 7 ^ 0, then Ai is centred; 

(b) If Ai = 0, then the corresponding singular measure gi is centred. 

Proof, (a) We begin by dehning, exactly as before, a seqnence of points {xi^} converging to 
Xi, a seqnence of frames Vi^ G FXo\xi^ converging to a frame Vi G FXo\xi, and a seqnence 
of scales {Aio} converging to zero. Let be the corresponding sequences of conformal 
blow-ups and let Ax^^ be the induced sequence of -anti-self-dual connections with weak 
5 fi-anti-self-dual limit {Ai, Zi) over W- Suppose Centre [Ai] = pi and Scale= z/^. 
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Case 1. Zi = 0. Recall that = (/)in o o (/^,^)M«, and = 

K^ifx^J*9o- Define hi = (pin o o Tp, o and set fu,^^ = hi o f^.^. Then 

fwia ~ 4'in ° Cx^^m O '^PiXia ° ^Xia ~ ° O ^Wia^ 

where Wi^, = (p^i^ipAia), and = (pxi^ ° vLc' provides a 

diffeomorphism from the small ball B{wia, Nk\I^) in Xq to the open snbset B{xin, ^i^ia^‘^) 
of Xi. The seqnence of points {wia} converges to Xi and the seqnence of scales {Kia} 
converges to zero. As in §3.5, define a seqnence of metrics on the increasing snbsets 
B{xin, by hlifpplJ*go- Then g^ji^ converges to the standard metric gi 

in C°° on compact snbsets of Define a seqnence of ^^^.^-anti-self-dnal connections 

over the balls B{xin, by and observe that == {h~^)*Ax^^. 

The seqnence converges to the centred connection {h~^)*Ai in C°° on compact 

snbsets of Xi \ {xis}. 

It remains to replace the chart w = (ppp,]^ on B{wia, go/2) by a geodesic normal 
coordinate chart w = (p//,]^ ■ Choose a frame G FXq\w.^ by parallel translating the frame 
Via £ TAola;.^ along the geodesic connecting Xia and Wia, noting that dist g^^{xia,Wia) = 
\pi\Xia- Thns, as a —)■ cxD, the coordinate chart w converges in on B{xi, go/d) to the 
geodesic normal coordinate chart w in the sense of Lemma 4.6. Define a new seqnence 
of conformal blow-np maps by setting — (pin o o <p ~]^, and define corresponding 

seqnences of connections and metrics on the balls B{xin, NkA^"^) by An,-^ = (/J.^)*Aq, 
and (jwi^ = i^7ahl{f~/J*go. Lemma 4.6 implies that the seqnences {gwia} and {Au^^} 
converge in on compact snbsets of Xi \ {xis} to the metric gi and centred ^fi-anti-self- 
dnal connection Ai = {h~^)*Ai. This completes the proof of (a) in Case 1. 

Case 2. Zi A 0- The proof is similar to that of Case 1. Let Zi = h~^{Zi). Then the 
seqnences and converge in (7°° on compact snbsets of Xi \ (Zi U {xis}) to 

the centred connection {h~^)*Ai. 

(b) One sets Centre [gi] = pi, Scaleand essentially repeats the proof of Part (a) 
for the seqnence of measnres = l-^(Aa;ic<)Igo- 

Remark 4.8. In the seqnel, we reqnire that the conformal blow-np maps be chosen as in 
Lemma 4.7. However, to conserve notation, we will relabel the points Wia and scales Kia 
by Xia and A^q,, respectively, and the limit (A^, Zi) by (A^, Zi). 

A technical point that we have not addressed above is that, jnst as in [P-W], the weak 
limit of the seqnence {Aia} apparently depends on certain choices of parameters in the 
conformal blow-np constrnction: 

(1) Neck width parameter N. This was only inclnded in this Chapter for the sake of 
consistency with the glning constrnction of Chapters 3 and 5: we conld jnst as well have 
set A^ = 2, say. 
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(2) Radius tq. Following [P-W], the dependency is removed by letting tq —)■ 0. The 
conformal blow-np process gives a seqnence of points {xiairo)}^ scales {AiQ(ro)}, blow-np 
maps {/a;i„(ro)}, metrics {^ia(?'o)}, and connections {Aiairo)}. The seqnence of connec¬ 
tions {Aia{ro)} converges to an ideal (/i-anti-self-dnal limit (Ai(ro), ^i(ro)), for any hxed 
ro > 0. We now let ro —)■ 0 and by a standard diagonal argnment, we obtain a weakly 
convergent snbseqnence {Aiairo)} with weak limit (Ai,Zi), say. 

fSj Frames Via and Vi. The constrnction is SO(4) eqnivariant: Rotating the frames 
Via £ and Vi G FX^. by elements of SO(4) indnces an 5'0(4) action on the 

connections Aia and Ai as described in §3.2. 

There is one hnal issne which will be important in onr later discnssion of alterna¬ 
tive modes of convergence for seqnences of anti-self-dnal connections: we mnst exclnde 
the possibilty that cnrvatnre is lost over the necks Qi arising in the conformal blow-np 
process described above. Of conrse, the cnrvatnre can only bnbble off with masses eqnal 
to an integer mnltiple of so it snfhces to show that we can choose the neck param¬ 
eters to ensnre that the cnrvatnre masses over the necks are strictly less than Stt^. So, 
consider again the seqnence {Aa}’^=i of (/o-anti-self-dnal connections over Xq with weak 
limit [Aq^Zq)^ where Zq = and let be the corresponding seqnences of 

^iQ-anti-self-dnal connections over X[^ having weak limits {Ai^Zi)^ where Zi = {xij}^!]^. 
Let be the seqnence of scales associated to the seqnence of connections {Aa}'^=i 

and the singnlar point Xi E Zq. Given this set-np, standard argnments yield the following 
cnrvatnre estimates near xf. 


Lemma 4.9. Given £ > 0, there exist positive constants Rq, ri, and cto with the following 
significance. For large enough Rq, small enough ri and large enough ao, then RoXia < fi 
for any a > ao and the following holds. 

< 


(a) —87i‘^ki 

(b) \\\F{Aa)\\‘l2(^B(xi,RoXia.),go) ~ STT^/Cil < 6^, 

(d) \\FiAa)\\m,li Xi,RoXia,ri),go) F S. 


Thns, we have the following cnrvatnre estimate which ensnres that in the limit there 
is no ‘cnrvatnre loss’ over the necks (In particnlar, if Aia converges weakly to {Ai, Zi), 
then the singnlar set Zi C Xi does not contain the sonth pole Xig.) 


Corollary 4.10. Given e > 0 and N > 4, there is an ag > 0 with the following 
significance. If flia = iVA^^^) and, B'-^ = B{xia,N\]l^), then for any 

a > ao, we have 

(a) \\F{Aa)\\LHQi^,go) and 

(b) \\\F{Aa)\\l 2 (^B,^^g^^ - Sn'^kil < e. 

Lastly, we note that the conformal blow-np process may of conrse be iterated if the 
singnlar sets Zi are non-empty. In the next section we show that after repeating the 
conformal blow-np process at most k times, we obtain a seqnence of 5rQ,-anti-self-dnal con¬ 
nections {Aa} which is strongly convergent. Indeed, given the weakly convergent seqnence 
{Aia}‘^=i over the X[^ near a point Xij with mnltiplicity kij in the singnlar set Zi C Xi, 
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the second-level process differs from the first-level only in minor technical details: We de¬ 
fine seqnences of centres Xija — converging to Xij and scales \ija converging to 

zero, now nsing the metrics gta and a coordinate chart (t)xij on Xi given by (t)xij — 
where — Xij. The blow-np maps are then defined nsing coordinate charts on Xi 

given by ^x^^ = and setting fx^^^ = then proceed exactly 

as before and similarly for all higher-level blow-nps. 

4.3. Bubble tree compactification. By analogy with the argnments of [T88, §5] and 
[P-W], we define a bnbble tree compactification for the modnli space Mxo,ki9o) of anti- 
self-dnal connections. First, we need an appropriate notion of an “ideal connection”: 

Definition 4.11. A bubble tree ideal go-anti-self-dual connection A of second Chern class 
k over Xq is determined by the following data. 

(a) An oriented tree J with a finite set of vertices {/}, inclnding a base vertex 0, and a 
set of edges {(/-, /)}. Each vertex / is labelled with an integer kj >0 snch that 

(i) Xl/ej ~ ^5 

(ii) If/ > 0 is a terminal vertex, then ki > 0, 

(hi) There are at most k terminal vertices, exclnding the base vertex. 

(b) A (2m — l)-tnple (A/,^/)/^^, where m is the nnmber of vertices in J. 

(c) If / = 0, then Aq is a ^rg-anti-self-dnal co nn ection on a G bnndle Pq over Xq with 

C2(Tb) = ko>0. 

(d) If / > 0, then 

(i) Aj is either the prodnct connection 0 or a centred ^rj^-anti-self-dnal connection 
on a G bnndle Pj over the sphere Xj = with C 2 {Pi) — /c/, where gj is the 
standard ronnd metric, 

(ii) xj is a point in Xq if /_ = 0 and a point in Xi_ \ {x/s} if I- > 0. 

(e) If/ > 0 and Ai = 0, then there are at least 2 ontgoing edges emanating from that 
vertex. 

Definition 4.11 shonld be compared with the constrnction of approximately anti-self- 
dnal connections in §3.3. The ideal connection {Ai,xi)i^j is often written as (A/)/^^. 
Henristically, we may view an ideal ^rg-anti-self-dnal connection A = (Aj)/£j as a ‘connec¬ 
tion’ over the join V/gjW/, where each sphere Xj is attached to the lower level Xi_ by 
identifying the sonth pole xjs with the point xj G Xi _. Let Zi_ C Xi_ denote the set of 
‘attachment points’ xi in Xq, if /_ = 0, or points xj in Xi_ \ {x/s}, if /_ > 0. Let mj be 
the nnmber of points in Zj, i.e., the nnmber of ontgoing edges emanating from vertex /. 

Second, we need an appropriate notion of convergence. Let X = be the 

connected snm defined in §3.3 by a set of scales {A/aj/gj, with Aq —)■ 0 as a —)■ cx), and a 
fixed neck parameter N. Similarly, if {go} is the corresponding seqnence of G°° metrics on 
X defined in §3.5, then g^ converges to gi in G°° on compact snbsets of Xj \ (Zj U {cc/s}) 
for each / > 0. Following [D-K, §7.3.1], we consider the following modes of convergence 
for seqnences of anti-self-dnal connections over X. 
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Definition 4.12. Let be a sequence of 5rQ,-anti-self-dual connections on a fixed 

bundle P with C2(-P) = k over the connected sum X = 

(a) If y G s^{X) is a multiset in \ {Zj U {x/s}), the sequence {Aa} converges 

weakly to {{Ai,xi)i^j,Y) if the gauge equivalence classes [Aa\ converge in (7°° to 

over compact subsets of \ {Zi U {x/s} U Y) and if the curvature 

densities converge, 

leo 

over compact subsets of U/ejX/ \ {Zj U {xjs}). 

(b) The sequence {Aq,} converges strongly to the limit if it converges weakly 

to {Aj, (with no singular set Y) and if C 2 {Pi) — C2(-P). Here, the Aj are 

(7/-anti-self-dual connections on G bundles Pi over Xj with C2(-P/) = kj. 

We let BMxQ,ki9o) denote the set bubble tree ideal (/o-anti-self-dual connection over 
Xq of total second Chern class k. Thus, each point of BMxQ,k{9o) is represented by a 
(2m — l)-tuple (Hj, xi)i^i, with m being the total number of vertices of the tree J. 

Definition 4.13. We say that a sequence of ^rQ-anti-self-dual connections on a 

G bundle P over Xq with C2(-P) = k converges strongly to a bubble tree ideal go-anti-self- 
dual connection (a;/,H/)j£j in BMxQ,k{9o) if there exist sequences of conformal blow-ups 
{fia}ieo with the following property. Let {ga} be the induced sequence of G°° metrics in 
the conformal class [^tq] on the connected sum X = Let {Aa} denote the induced 

sequence of 5rQ,-anti-self-dual connections over X. Then we require that the sequence of 
metrics {ga} converges in G°° on compact sets of Xj \ [Zj U {xjs}) to the metric gi^ / > 0, 
and that the sequence of connections {Aa} converges strongly to the ideal (/o-anti-self-dual 
connection (Aj, xi)i^i. 

This definition of convergence extends to the space of bubble tree ideal connections 
BMxo,k{gQ), which is then endowed with a second countable Haussdorf topology. Define 
the bubble tree compactification M'^Xo,kigo) to be the closure of Mx^^kido) in BMxQ,k{9o)- 

Theorem 4.14. The space k(9o) is compact. 

The result follows from the special case below. 

Theorem 4.15. Any inhnite sequence in Mxo,k{go) has a strongly convergent subsequence 
with limit point in kido)- 

Proof. The argument is similar to the proof of Proposition 5.3 in [T88]. Fix a G bundle P 
over Wo with C 2 {P) = k > 0 and let {Aa}’^=i be a sequence of (/o-anti-self-dual connections 
on P. The main point is to repeatedly apply conformal blow-ups fia until we obtain a 
sequence of induced metrics g^ over a connected sum W, with (W, go) conformally equiva¬ 
lent to (Wo, (7o), and a sequence of induced (/a-anti-self-dual connections over W, denoted 
by [Aa], which is strongly convergent. We adopt the convention below that subsequences 
are immediately relabelled. 
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Step 1. There is a subsequence {Aq,} which converges weakly to an ideal (/o-anti-self-dual 
connection (Aq, Zq), with Zq = corresponding to a point in the symmetric product 

s^(Xo). If Zq = 0 then we are done, so assume that mo > 1. Let kt be the multiplicity of 
Xi and note that 0 < ki < k. For each i and large enough a, the connection Aa determines 
a set of mass centres {xia}^^ with xia — )■ Xi^ and a set of scales with Xia — > 0 

as a —)■ cxD. Fix a neck width parameter N > 4, choose a sequence of frames Via ^ FXq\j;.^ 
converging to a frame Vi G FAfola;., and let be the conformal blow-up maps dehned 

by these centres, frames, scales, and parameter N. If Af = then {X,ga) is the 

conformal blow-up of (Xq, go) determined by the maps fia- Let P now denote the induced 
G bundle over Af, let Aa denote the induced ( 7 Q,-anti-self-dual connection over Af, and let 
Aia be the restriction of Aa to the open subset X[^. 

The sequence [Aia] has a weakly convergent subsequence, again denoted [A^q,], with 
weak limit {Ai, Zi), where Zi corresponds to a point in Corollary 4.10 implies that 

no mass is lost over the neck Hence, if each = 0, f > 0, then we have ~ 

the sequence [Aia] converges strongly to [H^], and we proceed to the Final Step. Otherwise, 
Zi ^ ^ for some i and we proceed to Step 2 . 

Step 2. For some f. Step 1 produces a non-empty singular set Zi = {xij}^)!-^^. Let kij be 
the multiplicity of the point Xij, let C 2 {Ai) = kio-, and note that > 0. Let gi 

be the singular measure associated with Zi). We now consider two cases, depending 
on whether or not Ai is the flat product co nn ection 0 over Afj. 

Case (a) Ai = 0. Since Scale[//i] = 1, the diameter of the set Zi must be positive and 
so this case can only occur if m^ > 1. Let kij be the multiplicity of the point Xij and note 
that as m^ > 1 we must have max^ kij <k — 1. 

Case (b) Ai ^ 0. Therefore, kio = C 2 {Ai) > 0 and so we again must have maxj kij < 
k — 1, since = ki < k. 

For large enough a, the connection Aia determines a set of mass centres {xija}^n 
with Xija Xij, and a set of scales {\ija}^n with Xija —)■ 0 as a —)■ cxd. Let {fija}'f=i 
be the conformal blow-up maps dehned by these centres, scales, and parameter N. Let 
P denote the induced G bundle over the new connected sum X — H^^oXlaif^-i^ija^ 

Aa denote the induced (/a-anti-self-dual connection over X, and let {Aija} be the induced 
sequence of (/a-anti-self-dual connections over the open subsets X'-^ of the spheres Xij. 

The sequence [Aija] has a weakly convergent subsequence with weak limit [Aij, Zij), 
with no loss of mass over the necks G.ija- If each Zij = 0, j = 1,. .., m^, then we have 
~ sequence [Aij^^ converges strongly to [Aij], and the blow-up process 

terminates at the vertices Aij. Otherwise, Zij ^ 0 for some j and we proceed to Step 3. 

Step 1: 3 < I < k. For some multi-index / of length |/| = / — 1, Step I — 1 produces 
a non-empty singular set Zj = {xij}JAi contained in the sphere Xj. The sequence [Aja] 
has a weak limit {Aj,Zj), where Zj corresponds to a point in s^^{Xi). Let kjj be the 
multiplicity of the point xij, let C 2 {Aj) = kjo, and note that = kj > 0. Let gj 

be the singular measure associated with {Aj, Zj). 
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Case (a) Aj = 0. Since Scale[/Uj] = 1, the diameter of the set Zj must be positive. 
Hence, mi > 1 and so we have 

(4.12) max/c/j < /c — / +1, \Ij\=l, 1 <l <k. 

3 

Case (b) Ai 7^ 0. Therefore, kjo = C 2 {Ai) > 0 and so Eq. (4.12) again holds, since 
'ZT=o = ki <k. 

Eq. (4.12) implies that the conformal blow-up process terminates completely after at 
most k steps. 

For large enough a, the connection Aja determines a set of mass centres in 

Xi \ with xija —)■ xij, and a set of scales with Xija —)■ 0 as a —)■ cxd. Let 

be the conformal blow-up maps dehned by these centres, scales, and parameter 
N. Let P denote the induced G bundle over the connected sum X = let 

Aa denote the induced (/a-anti-self-dual connection over X, and let {Ajja} be the induced 
sequence of (/a-anti-self-dual connections over the open subsets X'j^^ of the spheres Xij. 

The sequence [Ajja] has a weakly convergent subsequence with weak limit (H.jj, Zjj)^ 
with no loss of mass over the necks Gija- If each Zij = 0, j = l,...,m/, then we 
have kij = kj, the sequence [Ajjct] converges strongly to [Ajj], the blow-up process 

terminates at the vertices Ajj, and we proceed to the Final Step. Otherwise, proceed to 
Step I 1. 

Final Step. After performing at most k conformal blow-ups, we obtain a sequence of 
(/a-anti-self-dual connections {Aa} over a connected sum X = ^i^-jX}^. The sequence 
[Aa] converges strongly to a bubble tree limit (A/,a:j)jgj, since the singular points have 
all been blown up and there has been no mass loss over the necks fl/a. □ 

Plainly, the compactihcation kido) is “larger” than the Uhlenbeck compactihca- 
tion Indeed, there is an obvious surjective map 

( 4 . 13 ) ’’:MZk{so) ^ 

obtained by sending a bubble tree ideal connection (Aj, xi)i^i to the corresponding Uh¬ 
lenbeck ideal connection (Aq, aci,..., Xm^)- The multiplicity of Xi G Xq is the sum of the 
second Chern classes of the anti-self-dual connections Aj attached to the subtree lying 
above the vertex i. 

Corollary 4.16. The map tt : M'^Xo,ki9o) ^.(^fo) is continuous. 

4.4. Dq convergence and strong convergence. We will need one further notion 
of convergence in order to show that every point of the moduli space Mx,k{g) lies in the 
image of the gluing map 3 constructed in Chapter 5. Let P be a G bundle over a closed 
manifold X with metric g. Following [D-K, §7.2.4], £x 4 < g < cxd and let Dq be the metric 
on the space Bx,p given by 

(4.14) D,(|.4], |B1) = mf p - u(B)|U,,x,,,. 

We recall the following dehnition of Donaldson and Kronheimer. 
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Definition 4.17. [D-K, p. 308] Let for each / > 0, be sequences of scales 

satisfying Aa —)■ 0, where Aq, = max/ A/q, and let be a sequence of connections 

on a fixed G bundle P —)■ Af, where X = and Xi = if / > 0. The connected 

sum X has a sequence of metrics defined by the sequence of scales {A/q,}^^, a 

sequence of points where the xi^ converge with respect to the fixed metric gj 

to a point xj G Xi _, and a neck width parameter N. Assume that the connections Aa 
are ga-ASD with respect to the sequence of metrics on X. Then the sequence 

{Aa}^=i is Dq-convergentio {Ai,xi)ie 3 if Dq{[Aa\x'/], [Ai\x'/]) 0 as a -)■ cx). 

Dq convergence is called convergence” in [D-K], The result below explains the 
relationship between strong convergence and Dq convergence. 

Theorem 4.18. [D-K, p. 309] Let {Aa}'^=i he a sequence of connections on a bundle 
P —)■ A which are ASD with respect to the sequence of metrics {ga}’^=i determined by 
the sequences of scales {A/q,}, where Aq, —)■ 0. Then the sequence is strongly 

convergent if and only if it is Dq-convergent. □ 


5. Differentials of the gluing maps 

In this Chapter we obtain estimates for the differentials of the gluing maps 3 : 
T/r —)■ These give bounds for the components of the metric g on the 

bubbling ends of kido) and allow us to complete the proofs of Theorems 1.1 and 1.2. 
In particular, for the remainder of the article, the hypotheses of Theorem 1.1 are assumed 
to be in effect. 

5.1. Construction of the gluing maps. In this section we construct the gluing maps 
3 : T/r -P- ^{g) and ^ : T/T —)■ ^(^fo), and set up the analytical framework 

required for the later sections. Our first task is to construct a right inverse to the linear 
operator d'^A and so we choose suitable Sobolev spaces L^, L\ and for the remainder of 
this Chapter, fix 

(5.1) 2<p<4 and A < q < oo so that 1/4-1-l/g = 1/p. 

By hypothesis, = 0 for all / and thus the operators di^^^ have right inverses Pi. 

More explicitly, if is the Laplacian and is the corresponding 

Green’s operator, we may set P/ = A standard application of the Calderon- 

Zygmund theory and the Sobolev inequalities gives the following bounds. 

Lemma 5.1. Assume = 0. Then the operators Pj : L'p ^ and Pj : ^ L'^ are 

bounded and there are constants Gi = Gi{Ai, gi,p), i = 1,2, such that 

\\PiaL.iX„A:,,P < Ci\\PiaL^px„gP < C2m\LnX,,9X C ^ (A/, ad P/). 

We next define the (7°° cut-off functions to be used in the construction of a right 
parametrix Q for d~^f by patching together the operators P/ over A. 
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Lemma 5.2. [Lemma 7.2.10, D-K], [D-S, p. 221] For any A > 0 and N > 4, there exists 
a function /3a,n on and a constant K independent of X, N, such that (3 \,n{x) = 1 
if\x\ > and P\,n{x) = 0 if \x\ < and \\dPx,N\\L^(R4,s) < K{logN)~^/^. 

Define cut-off functions /?/ on each Xj by setting 

(5.2) (di ^ i(P7,^rPx„Nlli(p7^rPx,^,N on X,, 

1 + 

where the factor (</>7 s^)*/^^/,n is omitted when 1 = 0. Here, the cut-off functions comprising 
(di have been extended so that (dj = 1 on the complement in Xj of the balls Bja{\X^/‘^) 
and Also, /3j = 0 on the balls Bis{N~^X^j‘^) and i3/_|_(A^“^A}^^) in Xj: thus, 

we may extend jdj by zero to give /?/ G C'°°(X). The estimate of Lemma 5.2 implies 
that 

(5.3) \\d(di\\L.^x„gp <cK{\ogN)-^/\ 

for some c = c((7o, k). For the cut-off functions {yj} defined by Eqs. (3.52) and (3.53), we 
recall that Xl/T/ = 1 on Af. Note also that /3j = 1 on the support of 77. 

Define operators Qj : (Af/, ad P/) —)■ LpD^(A77 , adPj) by setting Qj = jdiPiyj 

Define a right parametrix Q : £^fi+’®(A7, adP) —)■ L^OX^X, adP) for the operator d'^X by 
Q = TZi Qi- The error operator R : LpO+’®(A 7, adP) ^ LpD+’®(A 7, adP) is then given by 

(5.4) d+XQ = 1 + R. 

Lemmas 3.15 and 5.1 then yield the following estimates for the operators Qj and Q. 

Lemma 5.3. There are constants Ci = Ci{gQ,p, T), i = 1, 2, such that for any t G T and 
any ^ G (Afj, adP/), for (a), or any ^ G L^O+’®(A7, adP), for (b), the following 

bounds hold. 

(a) \\QlC\\Li{Xi,gi) < Cl\\QlC\\LP(^Xi,Ai,gi) < <^2 ||^ || Lp(X/’ 

(b) \m\\L.iX,g) < Climh^pX) < ^^2||el|LP(X,,). 

Next, there is an analogue of Lemma 7.2.14 [D-K] (see also [D-K, p. 294]), giving an 
RP bound for the operator R. The proof follows easily from Lemmas 3.9, 3.12, and 5.1, 
and Eq. (5.3). In [D-K] it is assumed that the metrics gj are fiat in small neighbourhoods 
of the points xj, but this restriction is easily removed using Lemma 3.12. 

Lemma 5.4. There is a constant s = e{b, N, p), with e ^ 0 as N ^ oo and 6 —)■ 0 such 
that for any t G T and ^ G LpO+’3(A7, adP), ||P^||Lp(x,g) < £||^||Lp(x,g). 

Thus, for the remainder of this article choose A"o > 4 large enough and 6o < 1 small 
enough so that e(h, N,p) < 2/3 for all b < bo and N > iVo, and fix = A"o and bj = ANXy^ 
for all / G J. We now construct a right inverse P for d~^f. Lemma 5.4 gives the (L^, Rp) 
operator norm bounds ||P|| < 2/3 and ||(1 -|- P)“^|| < 3. Since Qj = jdjPiyi^ we have the 
(PP, L'3') operator norm bound HQ/H < C*/, say, giving the {Rp,R'^) operator norm bound 
IIQII < C = Cj. In summary, there is the following version of Proposition 7.2.35 [D-K]. 
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Proposition 5.5. There are constants Nq and bo such that for any N > Nq, b < bo, 
and t G 7, the operator P = Q(1 + R)~^ : adP) —)■ L^O^(X, adP) is a right 

inverse to and there are constants Ci = Ci{go,p,7), i = 1,2 such that for any 
^ e LPn+’3{X,adP), 


\\PC\\Li(X,g) < C'lll-P^IUf(X) < C2\\C\\LP{X,g)- 

We next construct families of solutions to the full non-linear anti-self-dual equation 
over connected sums. For each t G T we seek a solution A{t) = A'(t)+a{t) to F^’P{A'+a) = 
0 , or equivalently 

(5.5) d^’,^a+{aAa)+’P ^-F+’P{A'), 

where a G 0^(W, adP). If a = P^, with ^{t) G 0+’®(W, adP), then this equation becomes 

(5.6) ^ + (P^AP0+’" = -P+’n^')- 

With the aid of Lemma 7.2.23 [D-K, p. 290] (an application of the Contraction Mapping 
Theorem to Eq. (5.6)) and Proposition 5.5, one easily obtains the version below of Theorem 
7.2.24 [D-Kj. 

Theorem 5.6. For sufficiently small Aq < 1, sufficiently large No > 4, and sufficiently 
small Taj , / G J, the following holds. For any t G T, there exists an g-anti-self-dual 
connection A(t) = A'(t) + a(t) over X, with a{t) = P^it). There are positive constants 
Ci — Ci{go, p,T), i — 1, 2, 3, such that 


\\0'\\Li{X,g) < C'i||^||lp(X,c/) < <^2 ||(^0 II LP(X:,g) < Csb . 

We pull back the ^r-anti-self-dual connections A on P ^ X via the conformal maps 
fi to give ( 7 o-anti-self-dual connections A = A' + d on P ^ Xo, where A is dehned by 

(5.7) i = /-.../;.4 aver fy---fp{X',), 

and similarly for A! and a. In particular, A = A' P d is a solution to the ^rQ-anti-self-dual 
equation P+’®°(A' -|- a) = 0 over Xo, or explicitly 

(5.8) + (a A a)+’»° = -P+’S°(i'), 

where a G 0^(A7o,adP). Standard arguments show that the anti-self-dual connections A 
and A are actually (7°° and that they are smooth points of the moduli spaces Mx,k{g) and 
Mxo,kigo) [D-Kj: 
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Lemma 5.7. Let A be the g-anti-self-dual connection over X produced by Theorem 5.6 
and let A be the corresponding go-anti-self-dual co nn ection over Xq- Then the following 
hold: 

(a) The connections A and A are C°°, 

(b) = 0 and = 0, for small enough bo and large enough Nq, 

(c) H‘\ = 0 and = 0. 

From §4.4, we recall that Dq is the metric Bx,k given by Dq{\A\^ [B]) = inf.^ eQ 11^ “ 
u{B)\\L^(^x,g)- In particular, we have the following version of Theorem 7.2.62 [D-K] (com¬ 
pare also Theorem 4.53 [D86]). 

Theorem 5.8. Let Aj be gj-anti-self-dual connections on G bundles Pi over manifolds 
Xj, I E J. If I = 0, then Xq is a closed, oriented, four-manifold with generic 
metric go and negative definite intersection form. If I >0, then Xj = with standard 
round metric gi of radius 1. Let X = ^i^jXj, the connected sum four-manifold with (7°° 
metric g (conformally equivalent to go) determined by the choice of points {xj}, frames 
{vi}, scales {A/}, and neck width parameter N. Let P be the connected sum bundle over 
X, where C 2 {P) = k > 1. Let A = max/^j A/. Let Taj be open balls centred at 0 E Haj, 
I E 3, let T = ri/e^rAj s.nd T = Taq x n/ej(^A 7 x GU^), as in Eqs. (3.25) and (3.26). 
Then, for sufficiently small Aq < 1, sufficiently large No > 4, and sufficiently small Taj, 
I E J, the following holds. There is a homeomorphism onto an open subset: 

a : T/r ^ UC M*x^pig), t ^ [Ait)], 

where Ait) = A'it)-\-ait), ait) = P^it), and ^it) are as in Theorem 5.6. For any u > 0 and 
4 < q < oo, the manifold T and constant Ao(z^) can be chosen so that, for all A < Ao(z^), 
U = {[A] e MIM : Dqi[A\xy], [Ai]) < u}, for all IeJ. 

Proof. This is a straightforward generalisation of Theorem 7.2.62 [D-K] to the case of 
multiple connected sums (see [D-K, §7.2.8]) and a restriction to the case where G = SU(2) 
and 6"'"(A7o) = 0. The metric go is not required to be flat in small neighourhoods of the 
gluing sites xj E Xo. Lemma 5.7 implies that the image of 3 lies in the dense open subset 
pig) C Mx,pig)- The fact that 3 is G°° is a calculation of the type that appears many 
times in §§5.3, 5.4, and 5.5. See also Appendix A [T84b] and Remark 4.24 [D86]. □ 

We refer to ^ as a gluing map over the connected sum and its image U C ^(^f) as 
a gluing neighbourhood. Moreover, 3 extends to a G°° gluing map on the larger parameter 
spaces T and of Eqs. (3.27) and (3.30). Further properties of these maps are described in 
the next section. Lastly, for the original metric go on the base four-manifold Xo, Theorem 
5.8 takes the following form. 

Corollary 5.9. Given the hypotheses of Theorem 5.8, there is a homeomorphism onto 
an open subset 

a : T/F 1/ C M*^^ pigo), t ^ [i(t)], 
where V G M* Ago) is obtained by pulling back the subset U G pig) of Theorem 

xY 0 ? ’ _ 

5.8. □ 

Again, 3 extends to a G°° map on the larger parameter spaces T and T® and additional 
properties of 3 are discussed in the next section. 
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5.2. Structure of the compactified moduli spaces. The bubbling ends of fc(fi'o) 
away from the diagonals are described in [D-K, §8.2], We extend this description to 
neighbourhoods of points in the diagonals of the Uhlenbeck compactification. For related 
constructions and some further details, we refer to the papers of Taubes and Donaldson. 

The proposition below is the basic result we require in order to parametrise neigh¬ 
bourhoods covering the ends of i^{g) away from the reducible connections. See also 
[D83, §III], [D86, §IV], and [T84b, p. 529] for various special cases of the statements below. 
The proof below is similar to arguments in the proofs of Proposition 5.17 & 5.22 [D-S] and 
Theorem 4.53 [D86, p. 316 & p. 325]. 

Proposition 5.10. Given the hypotheses of Theorem 5.8, the following hold: 

(a) The approximate gluing map 3' ■ T/T —)■ Bxy is a embedding, 

(b) The gluing map 3 '■ T/T ^ U C is a diffeomorphism onto an open subset, 

(c) The extended gluing map 3 '-TjV -y 11 <Z k{g) is a submersion onto an open 
subset, 

(d) The extended gluing map ^ : T^/T ^ IX® C ^(^f) is a diffeomorphism onto an open 
subset. 

Proof, (a) The proof is essentially the same as the argument required for (b) and so is 
omitted, (b) From Theorem 5.8, J is a homeomorphism and so it is enough to show 
that 3 is also an immersion, since T/F has dimension equal to that of j^{g). From the 

proof of Theorem 5.8, there is a (7°° F-equivariant gluing map 3 '-T A*x fc? X i—)■ A{t). So, 
we first show that 3 is an immersion and then conclude that the induced map on quotients 
is a diffeomorphism. The constant Aq may be chosen as small as desired and in (a) and 
(b),the Xj and xj may be held fixed. 

Step 1. Definition of restriction maps. Choose cut-off functions '0/, as in §3.3, which 
are zero on the balls Bisipi/2), (6/^/2) and equal to 1 on the complement in Xj 
of the slightly larger balls Bjgfij), Bj^{bi^). Define a map ttxi ■ L‘^D^{X,adP) -P- 
L‘^Q^{Xi,adPi) by left multiplication with ipj, so that 

(5-9) \\(X! — TlXi^\\L‘^{Xi,gi) = 0{X), u E Vfi {X j, g j), 


since is equal to 1 on the complement of a set in Xj of (//-volume 0{\ ). Next, for / > 0, 
choose a cut-off function which is zero outside the annulus fi/s = 

in Xi and which is equal to 1 on the slightly smaller annulus Vt{xis, con¬ 

taining the supports of the derivatives of the cut-off functions yi_,yi. Dehne a map 
TTn^ : L‘^Qd{X,adP) —)■ adP/) by left multiplication with this cut-off function. 

Lastly, let 11 = tto © 7 >o (ttx/ ® ttU/) be the induced map 

L‘^Tfi{X,adP) L‘^Tt^{Xo,adPo)^{L‘^Q}{Xi,adPi)®L‘^Tt^{ytis,adPi)). 

I>0 

Step 2. Partial derivatives with respect to lower moduli parameters. We have F^^- 
equivariant maps dj : Taj -E Axj^pj, tj t—)■ Aiifii) given by the Kuranishi model. Let v be 
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a tangent vector to i.e., snppose [n] G H\^. Then Eq. (5.9) and the estimates of §5.4 
give the following bonnds for the differentials with respect to the lower modnli parameters: 

(8.10) IKx,fl3(«-) - = oA''"). 

The map di is an immersion and so the range of Ddi has dimension eqnal to 

For small enongh A, Eq. (5.10) implies that the range of ttxiDS also has dimension eqnal 

to dimH\^. 

Step 3. Partial derivatives with respect to gluing parameters. Let n be a tangent vector 
to Gl/. The estimates of §5.5 give the following bonnds for the differentials with respect 
to the glning parameters: 

(5.11) - D3'(t.)llL.(x„i„) = 0 (\\ 

recalling that D‘d'{v) is snpported on 07 (|Ay^, 2A}^^). Bnt from Proposition 3.28 we have 
(5-12) \\D3'{v)\\L^^Xj,gj)>c\vl 

for some constant c > 0 independent of A. In particnlar, the range of ttqjD3' has dimension 
eqnal to dimGl/. So, for snfhciently small A, Eqs. (5.11) and (5.12) imply that the range 
of tiq,iDS also has dimension eqnal to dimGl/. 

Step 4. The quotient map. Gombining these observations, we hnd that the range of HD^ 
has dimension eqnal to dim+ (dimdimGl/) = dimT, so thatkerlliA^ = 0 

and d is an immersion. From Theorem 5.8, the open snbset U = 3{T) in k projects to an 
open snbset U = 5(T) in M^^kid) composing 3 with the projection Ax^k 

we obtain a snbmersion 3 ■ T ^ Mx kid)- The gronp T acts freely on T, 3 is T-eqnivariant, 
and dimT/T = dimM^ kid)^ glning map descends to a diffeomorphism 3 '■ T/T —)■ 

Mx ki9)i ris reqnired. (c) This follows from (b). For the derivatives with respect to A/ or 
xj, the cut-off functions required to dehne 11 should be replaced by cut-offs with similar 
supports and which are fixed with respect to small variations in the scales and centres. 

(d) This is similar to the proof of (c) and uses Proposition 3.5. □ 

In order to parametrise neighbourhoods of boundary points in MXQ^ki9o)i we use the 
following corollary to Proposition 5.10. 

Corollary 5.11. Given the hypotheses of Theorem 5.8, the following hold: 

(a) The approximate gluing map 3' '■ T/T —)■ Bx^ k ^ embedding, 

(b) The gluing map 3 '■ T/T -P- V <Z Mx^ fc(fi'o) fs a diffeomorphism onto an open subset, 

(c) The extended gluing map ^ : T/P V C Mx^ fc(fi'o) is a submersion onto an open 
subset, 

(d) The extended gluing map 3 '■ /T —)■ C fc(fi'o) is a diffeomorphism onto an 

open subset. 

Taken together. Theorems 7.3.2 and 7.2.62 in [D-K] imply that if A is any ^r-anti-self- 
dual connection on a hxed G bundle P over the connected sum X and the necks O are all 
sufficiently pinched (so that A is small), then [A] lies in the image of the gluing map. The 
corresponding statement in our application is given below. 
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Theorem 5.12. Given the hypotheses of Theorem 5.8, then the following holds. Let 
{Aa}^=i be a sequence of connections on a G bundle P over the connected sum X = 
which are anti-self-dual with respect to the sequence of metrics {gct}'^=i deter¬ 
mined by the sequences of scales {A/q,} with Aq, —)■ 0, a fixed neck width parameter N, 
sequences of points {xia} converging to {xj}, and frames in FXq\j;j^ converging to frames 
in FXqIxj. Suppose the sequence ■’s strongly convergent to where Aj 

is a gj-anti-self-dual connection over each summand Xj. For ao sufficiently large, there 
exists a gluing neighbourhood U such that [A^] G U, for all a > ao. 

Proof. See [D-K, §7.3.1]. Theorem 4.18 implies that the sequence {A^} is Dq convergent 
(for any A < q < cxd) to So, Theorem 5.8 implies that the points [Aa] are contained 

in a gluing neighbourhood IX, for all a > cto if cto is sufficiently large. □ 

Recall that Glj;^^ = SU(2) ~ a copy of the standard three-sphere, and let 
be the closure of GR^ x (0, Aq) in the cone (GR^ x [O 5 Ao))/ where (p, 0) (p',0) if 

p,p' G GR^. Then, by analogy with [D-K, §8.2] and [D 86 , §V], we set 

(5.13) T = Tao X J] {Ta, X B{xi, ro) x Gl,J) , 

/eJ 


and likewise, define T . It is also convenient to define 

(5.14) 87 = {too = (G, yi: Pi: A/)jej G T : A/ = 0 for some /}, 

where the 4-tuple (ti,yj, pj, Xj) above is replaced by if / = 0. The space 87^ is 
defined similarly. Moreover, the gluing map 3 has a natural definition on the boundary 
87. Suppose too G 87 and let (Ai,..., Ac) denote the corresponding scales in Eq. (5.14) 
which have been set equal to zero. By cutting the edges with A^ = 0, we may view the 
tree J as a union of subtrees If too G 87, we write too = (f^, • ■ ■, G), with F G T, 

and set 

(5.15) d{too) = {3{t^),Sin), too G T, 

where each SiF) is an anti-self-dual connection over a connected sum Yi = ffi^'jiXi, 
say, and X = ffj^-jXj = The relationship between the gluing maps 3 and 3^ 

is explained by the continuity result below, which we just state in the special case X = 
XQffXiffX 2 , for the sake of clarity. The argument required for this case carries over with 
no significant change to the more general cases just described. 

Proposition 5.13. Let X = XoffXiffX 2 , let Y = XoffXi, and let Y" = Y \ 
Bixi, AA^^). Assume the hypotheses of Theorem 5.8 and let 3x, 3 y be the gluing maps 
over the connected sums X and Y, respectively. Then there is an e — e{q) > 0 and a 
constant C = C{go,q,7) such that \\3xit)\Y'' - 3Y\\L<iiY,g) < CXl°. 

The proof is similar to that of Proposition 7.2.64 [D-K] and the arguments in §5.3, 
and so is omitted. It now follows that 3 extends continuously to 7. 
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Proposition 5.14. Assume the hypotheses of Theorem 5.8. Let be a sequence 

in 7 which converges to too G Then the sequence converges strongly to 

3(too)- 

Proof. Let denote the scales, determined by too, which have been set eqnal to zero 

in Eq. (5.14). The points ta e7 are then natnrally written as ta — ... ,ta)i with the 

seqnences converging to P G T*, say. According to Proposition 5.13, the seqnence Sit^) 
is then Dq convergent to (^(t^),..., 3{P)) and hence, strongly convergent by Theorem 4.18. 
□ 


It remains to show that Mx^^kido) has a hnite cover consisting of glning neighbonr- 
hoods. Of conrse, away from the bnbbling ends, the modnli space is covered by the standard 
Knranishi charts. In addition, the geometry of these charts aronnd the redncible connec¬ 
tions has already been analysed in [G-P89], so onr focns here is on the bnbbling ends. 
Given any Uhlenbeck bonndary point (Aq, xi,... ,xi) G M where C 2 {Aq) — k — I 
and each Xi has mnltiplicity 1, Theorem 8.2.3 [D-K] provides an open neighbonrhood V 
of (Aq, xi,..., xz) in a parameter space T^/P, and a glning map 3 giving a 

homeomorphism of T^/P with V = kido)- Theorem 8.2.4 in [D-K] states that this 

glning map extends to a homeomorphism 3 '■ 7^/V —)■ V. Thns, away from the diagonals, 
the ends of Mk{9o) covered by glning neighbonrhoods. The generalisations below 
provide a covering of the ends of ki9o)j inclnding the diagonal bonndary points. 

Theorem 5.15. Let (Aq, xi,..., be a boundary point in M^XQ,k{9o)- Linder the 
hypotheses of Theorem 5.8, there exist neighbourhoods V C Mxgy(9o) of (Aq, xi,..., Xmo) 
and a parameter space such that the following holds. IfV = Vn then the 

gluing map ^ : T^/P —)■ V is a diffeomorphism. 

Proof. Snppose {[Aq,]}[^]^ is a seqnence in Mxo,ki9Q), converging weakly to the Uhlenbeck 
limit (Aq, xi,..., Xmo)- Let {[Aq,]}[JTj^ be the corresponding strongly convergent seqnence 
in Mx,k{ga) with the bnbble tree limit (A/,a:j)jgj. Then Theorem 5.12 prodnces a glning 
neighbonrhood J(‘J^/r) = U C Mx,k{9a) and an ao snch that [Aq,] G U for all a > cto- Let 
V be the corresponding neighbonrhood in Mxo,k{9o)- Then the conclnsions follow from 
Gorollary 5.11. □ 

Theorem 5.16. Given the hypotheses of Theorem 5.15, the gluing map 3 extends to a 
homeomorphism of 7 /P with a neighbourhood V of (Aq, xi,..., Xmo) -^'n M^^ f.{go). 

Proof. This follows from Proposition 5.14 and Theorem 5.16. □ 

Remark 5.17. So, every bonndary point in M^^ f.{go) has a neighbonrhood constrnctible 
by glning. Plainly, the same statement holds for bonndary points in M^Xo,k{9o)- 
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5.3. Derivatives with respect to scales and centres. The main purpose of this 
section is to obtain estimates for the partial derivatives of the family of ^rg-anti-self-dual 
connections A with respect to the scales A/ and centres xj. 

Unless noted otherwise, throughout this section and for the remainder of this article, 
we assume that p and q are Sobolev exponents satisfying the strict inequalities 2 < p < 4 
and 4 < q < oo, where q is determined by 1/p = l/d + l/g. The constant Ag > 0 is assumed 
small and may be decreased as needed. We use C = C{go,p, T) to denote constants which 
are independent of the points t = {tj, pi,xi, Xj) G T. As usual, we abbreviate the derivative 
with respect to the centre parameters, p^d/dqj (where \pi\ < 1) by d/dpj. 

Denoting rj = —F^^{A') in Eq. (5.6), we have the following preliminary estimate for 
the derivatives of d with respect to the A/ and xi parameters. 

Lemma 5.18. Let ^ and a = be as in Theorem 5.8, and assume that the conditions 
of that theorem hold. Then, for small enough Ag > 0, there is a constant C = C{go,7) 
such that for any t E 7, 

(a) \\da/dXi\\L2(^Xo,go) < C (^\\§^^\\L^(x,g) + \\d^/dXi\\L 2 (^x,g) + AA^ 

(b) \\dd/dpi\\L2(^Xo,go) ^ ^ + \\9i/^Pi\\L^{x,g) + A^. 

Proof. From Proposition 3.24, we have 


dd 

dXi 


< C 

L^(Xo,go) 


da 


dXi 


L7X,g) 


+ CXj ^ ||a||r:2(x)5 


where a = and The estimates of Proposition 5.5 and Theorem 

5.6 then gives (a). The proof of (b) is similar. □ 

We now differentiate the ^r-anti-self-dual equation and obtain a priori estimates for 
the partial derivatives of ^ with respect to A/ and xj. 

Lemma 5.19. Let ^ be as in Theorem 5.8 and assume that the conditions of that 
theorem hold. Then, for small enough Ag > 0, there is a constant C = C{go, T) such that 
for any t E 7, 

(a) 119^/ dXi\\L2(^x,g) < U ^1 + A A^ + A|| ■§yj^\\L^{X,g)^ , 

(b) \\dC/dpi\\L2(^X,g) < C (^1 + X\\§^^\\L4(^x,g)^■ 

Proof. Differentiating Eq. (5.6) with respect to Xj gives 


d^ dr] d*^ 


dXj dXi 


dXi 






P^A 


m 

dXr 


+ ^5 


The estimates of Lemma 3.14 and Proposition 5.5 imply that 


df. 

< 

dr] 

dXi 

L2 

dXi 


+ c’iieryA7‘/Uciieii 


L2 


L2 




dX] 


+ 


L2 


dP 

w/ 


L4 
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Proposition 3.26 gives \\d'q/d\i\\L 2 < (7, while Theorem 5.6 gives ||^||l 2 < C\. Thus, for 
Ao small enough, we may assume (711^111,2 < 1/2. Part (a) then follows by combining the 
above estimates and rearranging, and the proof of (b) is similar. □ 

To complete our task, we need an estimate for the derivatives of P with respect to A/ 
and xj. Before proceeding, we hrst record some bounds for the derivatives of the cut-off 
functions /3j and yj. Suppose 1 < p < oo. From the dehnition of f3j there is a constant 
C = C{gj, N,p) such that 


(5.16) \d(3i\g,<CXJ^/^ and ||d/3/||Lp(x„gU < C'A"/^-'/". 

Second, for the derivatives of 13j with respect to A/, one has 

(5.17) \dPj/dXi\Lo-(Xj,gj) <CXJ^ and \ddPj/dXi\L^^Xj,gj) < CXJ^^^, 

\\d/3j/dXi\\LP{Xj,gj) < and \\ddl3j/dXi\\Lv{Xj,gj) < 

for J = /_ or /, these derivatives being zero otherwise. Third, for the derivatives of jdj 
with respect to xj, one has 


(5.18) \\dl3j/dpi\\L^(^Xj,gj) <CXj^^‘^ and \\ddl3j/dpi\\L^(^Xj,gj)<CXj^, 
\\dl3j/dpi\\LP{Xj,gj) < and \\ddl3j/dpi\\LP{Xj,gj) <CX]^^~^, 

for J = /_ or /, these derivatives being zero otherwise. The cut-off functions yj also 
satisfy the bounds of Eqs. (5.16), (5.17) and (5.18). 

Proposition 5.20. For any 0 < 5 < ^ and 2 < p < 4 defined by p = 4/(1 -|- 26), 
and small enough Xq, there is a constant C = C{d,go,7) such that for any t E 7 and 
^ G LPn+’3{X,adP), 

(a) ll^flU->(A',g) < '*KllLP(X,g). 

(b) llfi«llL<(X.g)<CA7^liaU.(A-„)- 

Proof, (a) As P = Q{1 -fi?)“^, we hrst obtain operator bounds for dQ/dXj, dR/dXj, and 
then deduce an operator bound for dP/dXi. 

Step 1. Estimate for dQ/dXj. Recall that where Qj = fdjPjyj is 

independent of Xj for J I, and so 


dQ 

dXi 


dQi_ dQi 
dXi ^ dXi ’ 


where 


dQi 

dXi 


d(3i 

dXi 


Pm + (diPi 


dci 


with the analogous expression for dQj_/dXj. Choose 4 < q,qi < oo and 2 < < 4 by 

setting 


(5,19) 


p = 4/(l-|-2h) and ^ = 4/(1 —2h) 
l/p = l/4 + l/qi and 1/2 = 1/pi P 1/qi, 
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and observe that 1/4 = 1/q + 1/qi and 1/2 = l/p + l/g, while 2/p = 1/2 + h and 
2/q = 1/2 — 5. Applying Holder’s ineqnality, the operator bonnds for Pi of Lemma 5.1, 
and the fact that \\d(3i/dXi\\L‘i and \\d'yi/dXi\\L<i are bonnded by CX^/^ ^ from Eq. (5.17), 
we End 

Li 


dQi 

dXi 


< C 


TA 


d(5i 


dXi 


II^IIlp + c 


Li 


d'yi 


dXi 


Combining the above estimate with the analogons bonnd for the dQi_/dXi term, we see 
that 


(5.20) 


dQ 

dXi‘ 


< CX 


2/q-l 


L4 




lien 


LP, 


completing Step 1. 

Step 2. Estimate for dR/dXi. We have R = — 1 on W and so differentiating with 

respect to Xj gives 


dR^ 

dXi 


d*9 

dXi 


dA'Q^ + 


'dA' 

dXi 



+ ,9 


d 


+ 5^ 

A' 


dQ 

dXi 


Using onr bonnd for d*g/dXi of Lemma 3.14, the bonnd for dAQdXj of Proposition 

3.25, and the operator norm bonnds for Q of Lemma 5.3, we see that 


(5.21) 


dR ^ 

dxr 


<CXJ^^^\\dA^QaL^+CU\\L^ + 

L2 


d 


+ ,9 
A' 


dQ 

dXi 


L2 


For the dA'Q term above, note that dA'Qi = Ylj ^A'jQii and writing A'j = Aj + aj over 
Xj, we have 


dA'jQji = d/dj A Pj'-yji + /djdAjPj'^ji + /3j[aj, Pjlji]- 

Using the bonnds ||(i/3j||L4 < U of Eq. (5.16), ||aj||x,4 < CX of Lemma 3.9, Holder’s 
ineqnality, and the operator bonnds for Pj of Lemma 5.1, we find that 

(5.22) \\dA'QaL^<CmL.. 

For the d/ffAdQ/dXj term, note that 


d 


+ .9 
A' 


dQ 

dXi 



dQi_ 

dXi 



dQi 
dXi ’ 



GEOMETRY OF MODULI SPACE ENDS 


59 


where, using Pj = 1 and /?/ = 1 on supp 7 /, we have 




dXj 

9 


d'yr \ d'yr 

+ l<iAAP,g^A +^e + ft 




+ 2^^*” ~ *si)'iA,Pnii + 2^ j (*3 “ *s,)‘iA,Pl^(, 

with the analogous expression for dQi_/dXj. From Lemma 3.14 and Lemma 5.1, we 
see that 

R 

o A S 


L dXi 


< C 


L2 


d 


d(3i 


dXi 


+c\m\\L. 

\dPi 


II^IIlp + c 

LPI 
d'fi 


dl3i 


dXi 


dXi 

II^IItp + 


L‘1 


Li 
d'Ji 


dXi 


O'iWl^WCWlp 

II^IIlp + C'llaj'IlL^ 


Li 


d'fi 


dX] 


lien 


LP 


Li 


+ CX 


dXi 


iieiiip+ cx 


Li 


d'ji 


dXi 


iieiiLP, 


Li 


Now ||a7||i;,4 < CX by Lemma 3.9, and from Eq. (5.17), we have that ll^/lj/c^A/llLq and 
\\d'^j/BX jWli are bounded by CX^/^^ Hence, 


,9dQi, 


dXl^ 




L2 


with the analogous bound for the d~^’,^ dQi_ /dXj term. Therefore, 


(5.23) 


7+,3 9Q 


J-t,9 - 'P C 

dXj^ 




L2 


Combining the above inequalities and noting that ||eilL 2 (x,g) < C'||eilLp(x,g )7 we have 

OR 


(5.24) 


dX 




LHX,9) 


<^^A?/^-'||e||LP, 


which completes Step 2. 

Step 3. Estimate for dP/dXj. Differentiating P = Q{1 + R) ^ with respect to A/ gives 


dXr dXj 


dXi 
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and thus applying the bounds from Steps 1 and 2, we have 


dP 

dXj 




< ^||^||LP(X,g), 

LHX,g) 


which yields (a) since 2/^ — 1 = —1/2 — 5. For (b), the strategy of (a) shows that ||^-^||l 4 
and \\§^C\\L‘^{x,g) are bounded by CX^/'^~^^‘^\\^\\lp: giving 


(5.25) 


dP 


dpi 


< CX 


2 /g-l/2 


LPX,g) 


_ J 


lien 


LP, 


and so (b) follows. □ 

As is readily verihed, Lemma 5.19 and Proposition 5.20 then provide the the following 
estimates for the derivatives of ^ and a with respect to Xj and xp. 

Corollary 5.21. Let ^ and a = P^ be as in Theorem 5.8 and assume that the conditions 
of that theorem hold. Then, for small enough Aq > 0, there is a constant C = (7(5, go, T) 
such that for any t E 7, 

(a) l|5«/aA,|U.,x,,) < 

(b) midv,\h^x.,)<C{l+P^^\p). 

(c) ||5a/aA,||i.(x,3| < C(1 + 

(d) ||aa/ap,||i.(x,,i <c’(i + y-'"+L7"), 

With bounds for the derivatives of ^ and P with respect to A/ and xi at hand, we 
obtain our hnal estimates for the derivatives of the anti-self-dual connections A and A. 
Since A = A' -|- a and combining Proposition 3.25 and Corollary 5.21, we have: 

Corollary 5.22. Assume that the conditions of Theorem 5.8 hold. Then, for any 
0 < 5 < 1/2 and small enough Aq > 0, there is a constant C = C{d,gQ,7) such that for 
any t E 7, the following bounds hold: 

(a) \\BAIB\,Uhx,,) < 

(b) \\3AI3p,\Px,,, < C{l+t'^^Xp). 

Theorem 5.23. Assume that the conditions of Theorem 5.8 hold. Then, for any 
0 < 5 < 1/2 and small enough Aq > 0, there is a constant C = C{d,go,7) such that for 
any t E 7, the following bounds hold: 

(a) ||aa/aA,|U.(x.,„, 

(b) ||ai/aA;iu=,x.,,,i + 

(c) ||aa/ap,iu.(x.,„, <c(i + A'"+A7'), 
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(d) ||9i/9p,|U.(x,.,.) < C(1 + 

_2/p 

Proof. Using the bound ||^||lp < CX of Theorem 5.6, the equality 2/p = 1/2 + S, the 
estimate for da/dXj in Lemma 5.18, the Lf estimate for d^/dXi in Corollary 5.21, and 
the operator estimate for dP/dXj in Proposition 5.20, we obtain 


da 

dXi 


< 


L^{Xo,9o) 




which gives (a). Then (b) follows from (a) and the estimate \\dA'/dXi\\L2(^Xo,go) < U of 
Proposition 3.27. The proofs of (c) and (d) are similar. □ 


5.4. Derivatives with respect to lower moduli. In this section we obtain estimates 
for the derivatives of the family of (/o-anti-self-dual connections A with respect to the lower 
moduli parameters tj G Taj- Just as in §5.3, the strategy is to use the (/-anti-self-dual 
equation of Eq. (5.6), together with its derivatives with respect to the tj parameters, to 
hrst obtain estimates for the derivatives of a and and then the required derivatives of 
a and A'. The Sobolev exponents p, q are hxed so that 2 < p < 4 and 4 < q < oo, where 
q is determined by 1/p = 1/4 + 1/g. We have the following preliminary estimates for the 
derivatives of ^ and a. 

Lemma 5.24. Let ^ and a = P^ be as in Theorem 5.8, and assume that the conditions 
of that theorem hold. Then, for small enough Aq > 0, there is a constant C = C{go,p,7) 
such that for any t G T, 

(a) \\da/dtl\\Lp(^X,g) < C\\d^/dtl\\LPt^x,g) + \\§^C\\LP(X,g), 

(b) ii9«/9i/ii„(x,,) 

Proof. Differentiating Eq. (5.6) with respect to tj gives 


f A py 

dti dti \ dti 

dPj dP dj 

dti dti dti 


+,g 


dpr\+’3 


The proofs of (a) and (b) are then similar to those of Lemmas 5.18 and 5.19. □ 

Thus, an operator estimate for dP/dti is required. Since P = Q{1 + 7?)“^, we have 

(5.26) 


dP 

dti 




We recall that Pi = d*A^^^ 


Differentiating with respect to ti, we obtain 


dPi 

dtr 


dd*// 

dtr 


^+,91 


dA + ’^^ 

^*,gi/^+,9i A/ /^+,gi 
^Ai '^Ai —qT—'^Aj ■ 
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The derivatives of and with respect to ti are given by 


dd 


+ , 3 / 

Aj 


dt] 

dd*// 

dti 


-u = 


dA, 

dt] 


^ = -* 


I 

+,gi 


1- 

-,u 

I 



,dt/ \ 

Vy> 

* 

1_1 


'dAi ' 


dti ’ 


,91 






for any u G 0^(Xj, adP/) and ^ G (Xj, adP/). Therefore, 


dtj 


dAi 


+,gi 


d/^ + d 


+ ,9I 


dAi 

dtr 


and so we hnd that 
dPi 


(5.27) 


+ >9/' 


dt] 


= (1 - Pid/ 



* 

G/^ - Pi 

'dAi ' 

dti 

Aj ^ 

dti ’ 


,91 


Pi. 


Note that 1 — Pjd//^ is a bonnded (L*^, L^) operator on ad Pi) by the Calderon- 

Zygmnnd theory. 

Lemma 5.25. There is a constant C = C{gQ,p, T) such that for any t G T, 

W llii^llL.(X„„) < {or(€ 

(b) l||g«IU.(x.,) < C||?||„,x,,). for e € LfSJ+.»(V 9). 

Proof. Since 1 — Pjd//^ is bonnded on L'^{Xi, gj), then Eq. (5.27) and the Holder in- 
eqnalities show that 

dPi 


dti 


< 


Lf 


dAi 


dti 


iifor«iiL.+c 


dAi 


dt] 




L4 


Bnt G// and Pi are bonnded {L'p,L^) operators and noting that the family Ai{ti) is 
smoothly parametrised by tj G Taj, we obtain (a). Now Qi = PiPiyi and Q = Qi, so 
ineqnality (b) follows. □ 

It remains to estimate the derivative of R with respect to tj. 

Lemma 5.26. There exists a constant C = C{go,p,7) such that for any t E 7 and 
^ G n+’3{X,g), we have \\§^^\\lp(x, 9 ) < C'||^||Lp(x,g) ■ 

Proof. We recall that R = d/AQ — 1 over X and R = d/AQi — 1 over Xi. Writing 
A'j = Ai + ai^ we hnd that 

R = d/3i A Pm + (did//Pm + (di[ai, ■ ]+’®P/7/ + - *gi)/didAiPi - 1. 
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Noting that Pj = 1 and differentiating with respect to t/, we have 


, , dR dPi 

daj 

+ 5^ 

dPi 

(5,28) = d/s, A 7/^ + A 


+ dl 

[“'• dt, 

1 / 7 

dAi 1 

1 , 

d 

P 2^*9 ~ *9i)(di 


+ - 

■ *9i)PldAi-^ 


+,g 


-7/^, 


and so 
(5.29) 


dR^ 


< c\Wi\\ 


L4 


LP 


dPi , 

— 77S 

+ c 

dai 

dti 

L‘1 

dti 


WPiIi^Wli 


L4 


+ C'II«j||l4 

+ c\ 


WdPr 1 


dAi 

Uy> 

SO 

+ CX 

L9 

dti 


11 ^^ 77 /^ 11^9 


L4 




LP 


where aj = ('0/ — l)a*jAi and daj/dti = ('0/ — l)a'}dAi/dtj. Aside from the self-dnal 
projection and factor /?/, the last term on the right-hand side of Eq. (5.28) is given by 


dAj -^ 7 /^ = -dAj * 


dAi 




— dAjPi 


at/ 

dAi 


+ dA.Pidlf * 

1 +,9 


OAi 

dti 




dti 


, Pili^ 


Since Pj is a bonnded operator from to L\ and nsing the bonnded inclnsion 
we see that 




< c 


Lp 


< C 


dAi * 
dAi 


^+,91, 


dt] 


-,Glf77e 


+ 


Lp 


dti 
+ C 


l|Gtr7;«llL.+ 


L°° 

dAr 


7 A, 


dAi 

dti 

dAi 


, Pili^ 


dti 


\Lp 

l|Gjf7/«llLp 


dt] 


V'‘'Gjy7,«||i.+ 


L°° 

dAi 


dt] 


11 ^ 77 /^ 117.9 ■ 


L4 


Since the family Ai(i) is smoothly parametrised by ti G Taj and as is a bonnded 

operator from to L 2 , we have 


(5.30) 



dPi 

dti 


iii 


<cm\LP. 

LP 


Eqs. (5.29), (5.30) and Lemma 5.25 then yield the reqnired bonnd for dR/dti. □ 

Thns, Eq. (5.26), together with Lemmas 5.25 and 5.26, provides an estimate for the 
derivative of P with respect to tf. 



64 


PAUL M. N. FEEHAN 


Proposition 5.27. There is a constant C = C{go,p,7) such that for any t E 7 and 
^ E LPn+’3{X,adP), we have \\^i\\L<i{x,g) < C\\i\\LP{x,g)- 

This leads to our final estimates for the derivatives of ^ and a with respect to tj. 


Corollary 5.28. Let ^ and a = be as in Theorem 5.8, and assume that the conditions 
of that theorem hold. Then, for small enough Aq > 0, there is a constant C = C{go,p,7) 
such that for any t E 7, 


(a) l|a^/9t/llL.(x,») < CX' 


(b) \\aaiat,\\LHx.g) < cx^'” 


_2 /p 

Proof. Inequality (a) follows from Lemma 5.24 and Proposition 5.27, since ||^||lp < CX 
by Theorem 5.6. Inequality (b) then follows from (a) and Lemma 5.24. □ 


By combining Proposition 3.30 and Corollary 5.28 we obtain an estimate for the 
derivatives of the connections A = + a over X: 


Corollary 5.29. Assume that the conditions of Theorem 5.8 hold. Then, for any 
2 < p < 4 and sufficiently small Aq > 0, there is a constant C = C{go,p, T) such that for 
any t E 7, 

(a) WdAlat, - ^A,|^t,\\Lr^x-.„) < 

(b) \\dA/dti\\LP{^x,g) < C. 

We now come to the main result of this section. 


Theorem 5.30. Assume that the conditions of Theorem 5.8 hold. Then, for any 
2 < p < 4 and sufficiently small Aq > 0 , there is a constant C = C{gQ,p, T) such that for 
any t e7, 

(a) 

(b) \\dA/dti\\LP{Xo,go) 

Proof Let U = f^^ ■ ■ ■ ff~^{X'j) C Wq and note that ^ = Ej /o ''' //^ Now 

Lemma 3.19 gives 


da 

dti 


< C 


LP(Xo,go) 


T 

I 


fo-'-fi 


da 

dtr 


< C 


LP{Xo,go) 


da 


dti 


LHX,g) 


and so Part (a) follows from Corollary 5.28. Then Part (b) follows from (a), the estimate 
\\dA' /dti\\LPi^Xo,go) ^ C of Proposition 3.32. □ 
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5.5. Derivatives with respect to bundle gluing parameters. We obtain estimates 
for the partial derivatives of the family of ^rQ-anti-self-dual connections A{t) with respect 
to the bnndle glning parameters pi G Gl/. The Sobolev exponents p,q are fixed so that 
2 < p < 4, with 4 < q < oo determined by l/d + l/g = 1/p. We first recall the estimate 
of Donaldson and Kronheimer for the derivative of a = with respect to the glning 
parameters pi. As described in §3.8, we work with an eqnivalent family of ^r-anti-self-dnal 
connections A = A' + a on a, fixed bnndle P. Thns, considering only the glning parameters, 
we have a diffeomorphism Bg 3 v ^ A{pi,v) G p (where Bg is the nnit ball in g), 
giving a family of connections on a fixed bnndle P = P{pi), as in Eq. (3.58). Here, 
Bg 3 V ^ Piiy) = pjexp(n) G Gl/ is a coordinate chart centred at pi G Gl/, as in Eq. 
(3.57). This nnderstood, one has the following bonnds. 

Proposition 5.31. [D-K, p. 303] Let a be as in Theorem 5.8, and assume that the 
conditions of that theorem hold. Then, for small enough Aq > 0, there is a constant 

C = G(( 7 o,p, T) such that for any t G T, ||da/dn||p9(x,g) < 

Proof. The proof in [D-K] deals only with single connected snms X = Xo/fXi, bnt the 
argnment adapts withont significant change to the general case of mnltiple connected snms 
^/gjA/. Likewise, the assnmptions in [D-K] that T/ = 1 and = H\^ = 0, for all /, 
do not affect the relevant estimates. □ 

Corollary 5.32. Let A be as in Theorem 5.8, and assume that the conditions of that 
theorem hold. Then, for small enough Aq > 0, there is a constant C = C{go,p,7) such 

that for any t E 7, \\dA/dv\\LP{x,g) < 

Proof. Gombine Propositions 3.28 and 5.31. □ 

Moreover, we have the following estimates for the derivatives of the ^rQ-anti-self-dnal 
connections A = A' -|- d on the fixed bnndle P over Xq. 

Theorem 5.33. Assume that the conditions of Theorem 5.8 hold. Then, for small 
enough Aq > 0, there is a constant C = C{go,p, T) such that for any t E 7, 

(a) ||9a/9“llii’(A',g) < 

(b) ||ai/5a||„,,Y.g)<cW"‘'". 

Proof. Since d = /g • ■ • ffa on U = f/f^ o ■ ■ • o f~^[Xj), Lemma 3.19 gives 


/.* da 


< C 


LpU,go) 


da 

dv 


Lpxygi) 


and Proposition 5.31 gives (a). Similarly, (b) follows from (a) and Proposition 3.29. □ 
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5.6. Differentials of the gluing maps and final arguments. We summarise the 
results of the preceding sections and record our bounds for the differentials of the approx¬ 
imate gluing maps d and 3- The estimates for D3 then give bounds for the diagonal (and 
so all) components of the metric g and completes the proof of Theorem 1.1. Combin¬ 
ing these metric bounds with results of Donaldson in [D89] then completes the proof of 
Theorem 1.2. The following two theorems summarise the estimates obtained in §§5.3 to 
5.5, the first following from Corollaries 5.22, 5.29, and 5.32 and the second from Theorems 
5.23, 5.30, and 5.33. 

Theorem 5.34. Let 3 -7/T i^{g) be a gluing map and assume that the conditions 

of Theorem 5.8 hold. Then for sufficiently small Aq > 0 and any t E 7, there exists a 
constant C = C{go, T) such that the following bounds hold: 

(a) ||Da(a/5i?)l|i>(x,3)<C. 

(b) i|Da(a/spf)iu=(x,,)<cA‘-'l 

(c) ||Da(a/a<)iu.,x,) < c(i + 

(d) \\D3{a/dx,)\\LHx.s,<c(i + t^"*hy^y. 

Theorem 5.35. Let 3 ■ 7/V —)■ A:(fi'o) he a gluing map and assume that the 
conditions of Theorem 5.8 hold. Then for any 0 < 5 < 1/2, sufficiently small Aq > 0 and 
any t E 7, there exists a constant C = C{d, go, T) such that the following bounds hold: 

(a) i|Da(a/af?)iu=(x„,p.) <c, 

(b) ||D3(a/ap?)||L=(x„,,.) sca''! 

(c) ||o3(a/ai5‘)||L.(x<„a.) <c’(i + a‘''+A7"), 

(d) ||o3(a/aA,)||y(x..,.) < c(i + a‘'"+"a 7 ‘/"-*). 

It remains to reinterpret the bounds of Theorem 5.35 in terms of the corresponding 
bounds for the diagonal components of the L^ metric g. 

Corollary 5.36. Linder the hypotheses of Theorem 5.35, the following bounds hold: 

(a) g{d/dtf, d/dtf) < C, 

(b) g(d/dp?, d/dp^j) < CX, 

(c) g{d/dx^j,d/dx^j) < C{1 + 

(d) gid/dXi,d/dXi) 

Recall that the g-length of a path (sq, si) 9 s —)■ p4(s) G kido) is computed by 



ds < 



L^{Xo,go) 


ds. 


The proofs of our main results are now essentially complete. 

Proof of Theorem 1.1: Since 0 < 5 < 1/2, the bounds of Theorem 5.36 imply that the 
gluing neighbourhoods V = 3{7^/L) have finite g-volume and g-diameter. Therefore, the 
bubbling ends of kido) have finite g-volume and g-diameter since the entire moduli 
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space is covered by finitely many snch neighbonrhoods. Away from the Uhlenbeck bonnd- 
ary, glning neighbonrhoods consist simply of Knranishi charts. The conical ends 
corresponding to Knranishi charts aronnd the redncible connections have finite g-volnme 
and g-diameter by Theorem 1 [G-P89]. □ 

Next we consider the relationship between the metric completion and the Uhlenbeck 
compactification of the anti-self-dnal modnli space. Let d 2 be the distance fnnction on 
defined by the metric g. Thns, if [A], [B] are two points in then 

d 2 {[A], [B]) is the infimnm over all g-lengths of paths in kido) joining [A], [B], If the 
two points lie in diherent path components of the modnli space, then set d 2 {[A], [S]) = oo. 
Since 6"'"(Xo) = 0, the modnli space has at most finitely many path components; we 
say that kido) has finite g-diameter if the snm of the g-diameters of the connected 
components is finite. In [D89], Donaldson constrncts two other distance fnnctions, D 2 and 
for any fixed £ > 0. First, given points [A], [B] in /j, set 

£>2(1.41. |B])= inf 

uEy 

Lemma 2 [D89] (or Lemma 4.2.4 [D-K]) show that D 2 is a well-defined distance f un ction on 
1 ^. Moreover, Lemma 1 [D89] shows that D 2 ([A], [B]) is eqnal to the distance fnnction 
defined in the nsnal way by the metric on B'^^ ^ as the infimnm over g-lengths of paths 
in B^^ k joining [A] and [B], One then obtains a second distance fnnction on kido) 
by restriction. Define an £-neighbonrhood of kido) in ^Xo fc ^7 

^ {[^] e ^ < 4- 

Then D^ilA], [S]) is defined as infimnm of the g-lengths of paths in ^ joining two 
points [A] and [B] in B'^^ One now obtains a third distance fnnction on M^^^kido) by 
restriction. The three distance fnnctions d 2 , D 2 , and on kido) are related by 

(5.31) B2(lfl],lB])<B5(lfl],lB])<*(lfl],lB]), [fl], [B] 6 

To show that the (i 2 -completion of kido) is homeomorphic to the Uhlenbeck compact¬ 
ification l^Xo,k{gA^ h is enongh to show that a seqnence [A“] in Mx^^kido) is (i 2 -Canchy 
if and only if it is convergent in the Uhlenbeck topology. For the metric one has 

Theorem 5.37. [D89, Theorem 4] For any e > 0, the D^-completion of kido) is 
homeomorphic to Mx^^^kido)- D 

Thns Donaldson’s resnlt gives part of the proof of Theorem 1.2: Snppose a seqnence 
[A“] in Mx^ kido) is (i 2 -Canchy. According to Eq. (5.31), it mnst also be D|-Canchy and 
so is convergent in the Uhlenbeck topology by Theorem 5.37 or simply by Proposition 6 
[D89]. The proof of the reverse direction, namely that a seqnence [A“] which is convergent 
in the Uhlenbeck toplogy is also (i 2 -Canchy, is inclnded in [F94]. 
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